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Preface

Transform methods are historically known for their ability to solve certain
difficult ordinary and partial differential equations. The most commonly
used transforms for the solution of these are the Fourier and Laplace trans-
forms. Wavelet transforms are new entrants into this area, although they are
quite popular with electrical and communication engineers in characterizing
and synthesizing the time signals. Through this book, we show the utility
of wavelet transforms in structural engineering by addressing problems in-
volving solutions of ordinary and partial differential equations encountered in
dynamics-related problems.

Dynamical problems in structural engineering fall under two categories, one
involving low frequencies (of the order of few Hz to few hundred Hz), which
we call structural dynamics problems, and the other involving very high fre-
quencies (of the order of kHz to Tera Hz), which we call wave propagation
problems. Most problems in structural engineering fall under the former cat-
egory, wherein the response of the entire structural system is characterized
using only the first few vibrational modes. The wave propagation is a multi-
modal phenomenon involving vibrational modes of very high frequencies. In
addition, phase information of the propagating signals also play a crucial role
in the response estimation. Then, the question one needs to ask is, “Are wave
propagation problems relevant in the context of structural engineering?”

Structural design concepts have undergone a sea of change. The design
codes have been recently modified with the addition of stringent design con-
straints, especially with regard to loading and service conditions. Today’s
design, in view of these stringent conditions, is a lot lighter and more safe.
This has led to rapid progress in structural engineering, especially in the area
of advanced materials such as nano-composites, structural health monitoring,
and active control of vibrations, and all of these problems deal with high fre-
quency excitation. Conventional analysis tools such as finite element cannot
handle these problems due to modeling limitations and extensive computa-
tional cost. The only alternative to such problems is the method based on
transforms.

Spectral Finite Element (SFE) method is one such transform method, which
can be a viable alternative to solving problems involving high frequency exci-
tations. In this regard, SFE based on Fourier transforms is quite well known
and established. However, it has severe limitations in handling finite struc-
tures and specifying non-zero boundary/initial conditions, and thus its utility
in solving real world problems involving high frequency excitation is limited.

xxi
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On the other hand, SFE based on wavelet transforms, which is one of the
main themes of this book, removes all these shortcomings and has potential
to becoming a sophisticated analysis tool for handling dynamical problems in
structural engineering. The aim of this book is to reinforce this idea.

The next question one needs to answer is: What is the need for nano-
composites in a book of this nature? Advances in structural engineering in-
cluded the development of nano-composites as an alternative structural mate-
rial for enhanced strength, stiffness, damping, and multi-functionality. Mod-
eling nano-composites involves modeling of nano-particles, and in the present
case, we have used carbon nanotubes (CNT). We have shown that modeling
CNT as a continuum one- or two-dimensional waveguide can simulate the
atomistic wave behavior quite well. In addition, these materials can propa-
gate waves in the order of Tera-Hz and at such frequencies, except for SFE,
none of the other techniques work well. To the authors’ best knowledge, there
is no book in the archival literature that addresses these aspects. This has
motivated us to include this topic in this book.

The aim of the book is twofold; first, it is to show that wavelet transform
is indeed very useful in solving ordinary differential equations obtained by
modeling the structure as a discrete system involving structural dynamics
problems, and second, it is to use wavelet transform to solve those problems
involving partial differential equations, which are hitherto not explored. The
book also addresses in detail the complexity associated with wave propagation
in both isotropic and anisotropic 1-D and 2-D structures due to boundary
reflections, spurious dispersion, frequency, and time resolution of responses.
The notable feature of the book is a chapter on the inverse problems, wherein
the special advantage of using a wavelet-based spectral element is addressed
in solving force identification and damage detection problems.

A step-by-step modular approach is adopted in writing this book. A num-
ber of numerical examples is presented not only to emphasize the efficiency
of the method, but also to bring out the physics associated with each of
these problems. The present method can be conveniently implemented under
MATLAB environments and hence to aid the reader, a number of MATLAB
scripts are given, which can be used to solve the problems addressed in the
book. The material presented in this book can be used as a reference book
for wave propagation in structure and, in addition, a separate graduate level
course on wavelet-based analysis of structure can be developed. This book
is written assuming the reader has only elementary knowledge of theory of
elasticity, strength of materials, linear algebra, and methods of solving partial
and ordinary differential equations.

The book was not possible without the help of many of our graduate and
undergraduate students, who have contributed either directly or indirectly
toward the development of this book. We would like to thank all of them.

S. Gopalakrishnan
Mira Mitra
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Chapter 1

Introduction

Over the last two decades, wavelets are being effectively used for signal pro-
cessing and solution of differential equations. There are several textbooks
and articles in these areas. For more than a decade, wavelet transform has
been implemented to solve and analyze problems associated with engineering
mechanics. The use of wavelets in mechanics can be viewed from two per-
spectives, first, the analysis of mechanical responses for extraction of modal
parameters, damage measures, de-noising, etc., and second, the solution of the
differential equations governing the mechanical system. Though the wavelet
transform has been proved to be very effective in all the above cases, there
is no comprehensive text on the use of wavelet transform for solution of me-
chanics problems. The existing books are either on the mathematical aspects
of wavelets, their use as approximation bases for solution of differential equa-
tions, or on the use of wavelets in signal processing. This book is an effort to
explain wavelet transform and its applications from a mechanical engineering
outlook. The book is written for graduate students and researchers working
in the area of advanced structural dynamics and also numerical techniques for
dynamic problems.

This book is about numerical solution of structural dynamics and wave
propagation problems using wavelet transform methods. The book also has
an introductory discussion on signal processing aspects of wavelet transform,
including a comparison with other integral transforms like Laplace and Fourier
transforms. Structural dynamics deal with lower frequencies in the magnitude
of a few hundred hertz, or only the first few modes of vibration. In general, the
steady state response is studied and, hence, the phase information is not very
crucial. On the other hand, wave propagation results from high frequency
excitations, in the order of kilohertz. Here, the transient response is studied
and the phase information becomes essential. Apart from wavelet analysis of
structural dynamics, this text mainly concentrates on wavelet-based spectral
analysis of wave propagation. A new numerical scheme, wavelet-based spectral
finite element method for modeling one, and two-dimensional structures is
presented. This technique preserves the computational efficiency of spectral
analysis, while possessing several advantages over Fourier transform-based
spectral analysis particularly for capturing near field phenomena. In addition,
the method can model relatively complex structures encountered in practice.
The book includes chapters on wave propagation analysis of carbon nanotubes
and their composites which is of much relevance for applications like sensors,

1
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oscillators, and other nano-scale devices. Finally, the application of wave
propagation studies for structural health monitoring, force identification, and
control of wave transmission is provided. To make the text comprehensive, a
brief review of basic concepts of structural dynamics and wave propagation
is included. To aid the readers to solve some problems, Matlab programs are
included.

1.1 Solution of structural dynamics problem

The solution of structural dynamics problems can either be the determina-
tion of system parameters, mostly, natural frequencies and mode shapes, or
simulations of the response of the system to external excitations that may be
initial displacements, applied load, support motion, etc. For a discrete system,
i.e., a multi-degree of freedom (MDOF) system, the governing equation is a set
of ordinary differential equations (ODEs), coupled in general. Computational
ease is achieved by decoupling these equations through linear transformation
by modal matrix and is referred to as modal analysis. The modal analysis is
in turn an eigenvalue analysis and several numerical techniques, for example,
matrix iteration method, are prevalent for this purpose.

Governing equations for continuous systems like rod, beam, plates, etc., are
partial differential equations with variation in spatial and temporal dimen-
sions. Certain simple continuous systems can be solved analytically. Such
analytical solutions, though exact, are restricted to very few simplified sys-
tems. There are many approximate techniques to solve more complicated
structures. In general, such methods convert the continuous system into a
discrete system. These approximate solution methods can be broadly divided
into two groups. In the first group, the solution is assumed as a linear com-
bination of known functions. In other words, the solution is a sum of known
functions multiplied by unknown coefficients. The assumed solution is sub-
stituted in the governing differential equations for the continuous system and
it reduces the partial differential equation (PDE) into a set of ODEs with
the unknown coefficients as variables. The Rayleigh-Ritz and Galerkin meth-
ods fall in this group. In the other group of methods, the dynamics of the
continuous system is expressed in terms of a large number of discrete points
on the system. One of these methods is the finite element (FE) technique
and probably is the most popular approximate method. In FE method, the
continuum structure is divided into finite sub-domains called finite elements.
Each element is connected to the surrounded element through nodes. The
dynamics of the continuous system is expressed in terms of the displacements
of the nodes, i.e., the continuous system is reduced to a MDOF system. The
displacement within each of this sub-element (finite element) is approximated
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by some functions (mostly polynomial). The coefficients of these functions are
obtained in terms of the displacements of the nodes. The total energy of the
structure is then expressed as the sum of the energy of these elements. Exter-
nal forces are included using principle of virtual work. Lagrange’s equations
are then applied to the total energy and the equations of motion are obtained.
The final equations exactly represent a MDOF system and the eigen parame-
ters like natural frequencies and mode shapes are obtained through eigenvalue
analysis. The popularity of FE method is due to its capability of modeling
structures of high complexity and arbitrary geometry. There are several other
methods like boundary element method, and mesh-less methods which have
also been widely applied to solve structural dynamic systems.

This far, the numerical techniques available for modeling a dynamical sys-
tems required to obtain the system parameters have been discussed. In struc-
tural dynamics, a step after this is the simulation of the response of the system
to external excitation. For MDOF system and the continuous system reduced
to discrete system through approximate methods, the equations of motion
are ODEs in time and mostly coupled. Though there are several standard
methods for solution of these second order ODEs, in the realm of structural
dynamics they are solved using direct integration scheme and mode super-
position method. In direct integration schemes, namely, central difference
method, Wilson θ method, Newmark’s time integration, the time integration
is performed without any transformation of the differential equations. Mode
superposition method, in contrast, modifies the system of coupled governing
differential equations into a set of decoupled ODEs which are much easier to
solve. The decoupling is done through linear transformation and the transfor-
mation matrix is generally the eigenvector matrix of the MDOF system. The
solution is obtained for the transformed variable referred to as generalized
displacements and the displacements can be obtained through inverse trans-
formation.

Another method of solution is the integral transform method. Here, the
transformation, e.g., Laplace and Fourier transforms, is used in time. For
certain problems, these transformations can be directly applied to the PDEs
governing a continuous system. This reduces the PDEs by one dimensions and
they can be solved through different approximate methods. In the other way,
these transformations can be applied for time approximation in a MDOF sys-
tem or a continuous system reduced to a MDOF system. In this book, Chapter
3, “Structural Dynamics: Introduction and Wavelet Transform,” provides a
brief review of the fundamentals of structural dynamics. In addition, the chap-
ter describes the use of integral transforms, particularly wavelet transform,
for obtaining the response of a MDOF system.
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1.2 Solution of wave propagation problem

Wave propagation is a transient dynamic phenomenon resulting from short
duration loading. Such transient loadings have high frequency content. The
main difference between the structural dynamics and wave propagation in
structures arises due to high frequency excitations in the later case. Struc-
tures very often experience such loadings in forms of impact and blast loadings
like gust, bird hit, tool drops, etc. Apart from understanding the behavior of
structures under such loading, wave propagation analysis is also important to
gain knowledge about their high frequency characteristics, which have several
applications. The applications include structural health monitoring using di-
agnostic waves and control of wave transmission for reduction of noise and
vibration.

Though FE method is versatile and widely used to model complex struc-
tures of arbitrary geometry for structural dynamics problem, it is highly un-
suited for wave propagation analysis. Higher frequency content of the loading
in wave propagation problems requires very fine mesh with the element size
comparable to the wavelengths, which are very small at higher frequencies.
This results in large system size and huge computational cost. In addition to
the fine mesh, to obtain system response, the mode superposition method or
time integration schemes have to be implemented after FE modeling. Mode
superposition method cannot be applied for wave propagation analysis. This
is because for such problems the modal parameters have to be extracted over
a wide range of frequency. This has to be done through eigenvalue analysis
which is computationally very expensive. Alternatively there are several time
integration schemes described earlier for solution of dynamics problems. These
schemes can be used for simulation of wave response. In these methods, analy-
sis is performed over a small time step, which is a fraction of the total time for
which the response histories are required. For some time integration schemes,
however, a constraint is placed on the time step, and this coupled with large
system sizes makes the FE solution of wave propagation problems computa-
tionally prohibitive. Thus, in general, alternative numerical techniques are
adopted for these problems and several such techniques are reported in liter-
ature. These include boundary element method (BEM) [7, 59], discontinuous
Galerkin method [76, 40], meshless local Petrov-Galerkin (MLPG) method [4],
wave finite element method [88], etc., to name a few.

Among these techniques, many methods are based on integral transform [37]
which include Laplace transform, Fourier transform, and most recently wavelet
transform. In these methods, first the governing equations are transformed to
the frequency domain using the forward transform in time. Such transforma-
tion reduces the governing PDEs by one dimension to differential equations
with only spatial variations. The solution of these transformed equations is
much easier than the original PDEs and often has analytical solution. The
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main advantage of the system is the computational efficiency which is very
less when compared to FE solution. These solutions in transformed frequency
domain contain information of several frequency dependent wave properties
essential for the analysis. The time domain solution is then obtained through
inverse transform. The use of Laplace transform for solution of wave equation
has been limited because of the difficulty in performing the inverse trans-
form. On the other hand, the application of continuous Fourier transform
(CFT) for such purpose has been reported in earlier work [89], but even here,
the inverse transform required is difficult to obtain and, thus, these methods
are suited only for far-field behavior like seismological studies. In structural
wave propagation, the structures are finite, and hence these schemes are not
adequate since, due to inherent problems in obtaining the transform, it can-
not provide information about the reflection of waves on interaction between
different boundaries and discontinuities. The forward and inverse discrete
Fourier transform (DFT), however, can be numerically implemented. Fast
Fourier transform (FFT) is the easy and fast algorithm for DFT. Spectral
finite element (SFE) is one such method based on Fourier transform and ini-
tially proposed by Narayanan and Beskos [72] and popularized by Doyle and
his co-researchers [28]. In brief, in SFE, the differential equations are reduced
to ODEs using Fourier transform in time and FE procedure is followed in the
transformed frequency domain. The solution gives the transformed displace-
ments, which are converted to the displacements in time domain through
inverse transform. Apart from being computationally efficient and capable
of handling relatively complex structures, the SFE technique possesses an
important advantage of simultaneous frequency domain analysis required to
study the frequency dependent wave characteristics. The SFE technique like
the other integral transform-based methods is effective in handling inverse
problems like force identification and system identification.

From the mathematical explanation of wavelets and the literature available,
it is clear that wavelets are potential candidates for spectral finite element
formulation. There are several wavelets like Daubechies orthogonal wavelets,
bi-orthogonal spline (B-spline) wavelets, interpolation wavelets, which have
compactly supported bases with local supports and orthogonal properties.
Thus they can be used to solve partial differential wave equations through in-
tegral transform because of the following advantages. Firstly, wavelet allows
finite domain analysis and imposition of initial or boundary conditions, which
are possible due to the local support of these basis functions. Secondly, as
these bases are bounded both in time and frequency domains, frequency do-
main analysis can also be done apart from the time domain analysis. However,
the resolution in frequency domain may be reduced when compared to Fourier
transform-based SFE and this is the trade-off to obtain better resolution in
time domain analysis. The results of these properties of wavelets are that
the wavelet transform-based SFE remain computationally efficient yet will be
able to model finite dimension waveguides for simulation of time response.
This is otherwise not possible using the conventional Fourier transform-based
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SFE. Apart from the use of wavelet methods for solution of structural dynam-
ics problems, this book deals with the development of wavelet-based spectral
finite element (WSFE) method and its applications.

1.3 Objective and outline of the book

The main objective of the book is to study the use and effectiveness of
wavelet methods for solution of structural dynamics and wave propagation
problems. The first part of the book studies the implementation of wavelet
transform for simulation of the response of an MDOF system. The advan-
tage of the wavelet transform method over the other common integral trans-
forms is also explained. The next part of the book is about the development
of a wavelet-based simulation scheme for wave propagation analysis. This
novel technique is termed as “wavelet-based Spectral Finite Element” (WSFE)
method. The WSFE scheme is formulated for 1-D and 2-D structural waveg-
uides and is used for wave propagation both in time and frequency domains.
With the advent of carbon nanotube (CNT) and their composite, referred
as nano-composite, a lot of research is being directed towards understand-
ing their mechanics. This is mainly because CNTs and nano-composites are
foreseen to be used as an extraordinary material for different structures. The
study of dynamics and wave propagation of CNTs and nano-composites is of
very much relevance due to their various applications to sensors, oscillators,
and many other devices. The book contains two chapters on vibration and
wave propagation analysis of CNTs and nano-composites using WSFE. Fi-
nally, the applications of wave propagation to inverse problems of force and
damage identification, and control of wave transmission are presented in the
last chapter.

The book is organized into ten chapters including an introduction chap-
ter. In Chapter 2, there is a brief introduction of integral transform methods
which include Laplace, Fourier, and wavelet transforms. In wavelet transform,
the emphasis is given to Daubechies compactly supported wavelets. The next
chapter gives an introduction to the fundamental of structural dynamics and
different methods to solve such problems. Here, the implementation of inte-
gral transform, in particular, wavelet transform, is discussed in the context
of structural dynamics. In this regard, the imposition of initial conditions
and differentiation of wavelet basis functions are provided. Chapter 4 is on
the spectral analysis of wave motion. In this chapter, the characteristics of
wave propagations like wavenumbers and wave speeds and also the methods
to obtain them are discussed. The nature of wave transmission in elemen-
tary structural waveguides, for example, rod and beam, is studied here. The
chapter also gives an introduction to Fourier transform-based SFE. Chapter 5
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discusses the formulation of WSFE for 1-D waveguides including rod, Euler-
Bernoulli beam, 2-D frame structures, and higher order composite beam. The
developed method is used for simulation of time domain responses and is also
validated with FE solution. The WSFE method is also compared with the
corresponding Fourier transform-based technique to highlight the advantages
of the former method in modeling finite waveguides. In Chapter 6, frequency
domain analysis of wave propagation study with WSFE is explained. The
extraction of frequency dependent wave characteristics is not very straightfor-
ward with the wavelet transform, in contrast to Fourier transform. In WSFE,
there exist a constraint on the time sampling rate depending on the frequency
content of the excitation. This chapter explains this constraint which needs to
be satisfied to avoid spurious dispersion in the time domain solution. Chap-
ter 7 is on the development of WSFE for 2-D waveguides, which need wavelet
transform both in time and one spatial direction. The 2-D waveguides studied
are plate and axisymmetric cylinder. Even here, WSFE is used for time and
frequency domain analysis. In Chapter 8, the vibration and wave propaga-
tion is studied for CNTs both single-walled and multi-walled. The solution is
obtained using WSFE and the CNTs are modeled using both beam and shell
theory. According to the available literature, such continuum models of CNTs
give appreciable results when compared to the corresponding experimental
results existing. Chapter 9 provides similar analysis, but for nano-composite
structures. Nano-composites consist of a matrix material, which can be poly-
mer, metal, or ceramic with CNT embedded in it. Finally, the last chapter
provides three important examples of applications of wave propagation. First,
the problem of force identification from the measured wave responses in 1-D
waveguides. Second, the modeling of de-lamination in composite beam and
detection of the damage inversely from simulated wave responses acting as
surrogate experimental results. A wavelet-based damage detection scheme is
employed for this purpose. Third is the passive control of wave transmission
in 1-D waveguides. The control is achieved as the reduction in the transmis-
sion of elastic power resulting from wave motion from the source to the other
parts of the structure. A nano-composite insert is used, which because of high
stiffness and low density helps in preventing the flow of power from one region
to another.
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Chapter 2

Integral Transform Methods

In this chapter, a brief review of integral transform methods is presented. The
methods described are Laplace transform, Fourier transform, and wavelet
transform. Though several textbooks are available on these methods, this
chapter is intended to give a more engineering view to this subject. It also aims
to make the readers acquainted with the different terms and their definitions
which are used in the later part of the book.

In a broad sense, the idea of integral transform is to represent a function
F (t), in terms of known functions. The problem lies with how efficiently the
function F (t) can be expressed in terms of simple or elementary functions.
The choice of this family of known functions depends on several issues like
the ease of the transformation, purpose of the analysis, etc. The transform of
the function F (t) can be written as

F̌ (α) =
∫ b

a

F (t)E(α, t)dt (2.1)

E(α, t) is the known function of α and t and is referred as the kernel function.
For finite a and b, the transform F̌ (α) is a finite transform.

The transformation is either needed for better analysis of the function F (t)
in a transform domain with the variable α in this case. Otherwise, the trans-
formation is used to solve boundary-value problems posed by a differential
equation. The integral transform reduces the number of dimensions of differ-
ential equations. These reduced equations are in most cases easier to solve.
The use of integral transform for solution of differential equations in the con-
text of structural dynamics is presented in the next few chapters.

2.1 Laplace transform

Let us consider a time signal F (t), which is defined for all t > 0. The
Laplace transform of F (t) is obtained as

F̄ (s) = LF (t) =
∫ ∞

0

e−stF (t)dt (2.2)

9
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10 Wavelet Methods for Dynamical Problems

Here, s is a subsidiary variable and in general a complex quantity. The original
time signal F (t) can be obtained through an inverse transform of F̄ (s) and is
written as

F (t) = L −1F̄ (s) (2.3)

The Laplace transform of F (t) exists for all s > γ, only for F (t) being piece-
wise continuous on any finite interval in the range t > 0 and

|F (t)| < Ceγt (2.4)

for some constants C and γ. Almost all physical signals satisfy the above
constraint.
The Laplace transformation is a linear operation. For any functions F (t) and
G(t) whose Laplace transform exists and for any constants a and b,

L {aF (t) + bG(t)} = aLF (t) + bLG(t) (2.5)

To show an example of Laplace transform, let us consider F (t) = 1 for t > 0.
The Laplace transform is

F̌ (s) = L F (t) = L (1) =
∫ ∞

0

e−stdt = − 1
s
e−st

∣
∣∣
∣

∞

0

(2.6)

when s > 0,

L (1) =
1
s

(2.7)

Next, let us consider an example of rectangular pulse in time, defined as,

F (t) =
{
F0 t0 ≤ t ≤ t0 + d
0 otherwise (2.8)

The Laplace transform of F (t) is obtained as

F̌ (s) =
∫ t0+d

t0

F0e
−stdt = −F0

s
e−st

∣∣
∣
∣

t0+d

t0

=
F0e

−st0

s

(
1− e−sd

)
(2.9)

The Laplace transform can be conveniently used for solutions of linear ODEs
with constant coefficients. These kinds of equations are often encountered
in structural dynamics. This transform, however, can be performed only
analytically and there is no numerical implementation. This restricts the use
of Laplace transform for analysis of problems with higher complexities, which
need to be solved numerically.

2.2 Fourier transform

Probably the most used integral transform to date is the Fourier trans-
form. It is well known that Fourier transform decomposes a signal into its
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sinusoidal components. One of the main advantages of using Fourier trans-
form for structural dynamics and wave propagation problems is that several
important characteristics of the system can be directly obtained from the
transformed frequency domain. In addition, Fourier transform in principle
can achieve high accuracy in differentiation and thus can be used for solution
of differential equations. The Fourier transform can be implemented analyt-
ically, semi-analytically and numerically in the form of continuous Fourier
transform (CFT), Fourier series (FS), and discrete Fourier transform (DFT)
respectively. In this section, apart from these three Fourier transform meth-
ods, an introduction is also given for short term Fourier transform (STFT),
which, in brief, performs the Fourier transform of truncated or windowed
portions of the signal.

2.2.1 Continuous Fourier transform

The forward and inverse CFTs of the time signal F (t) can be written as

F̂ (ω) =
∫ ∞

−∞
F (t)e−jωtdt F (t) =

1
2π

∫ ∞

−∞
F̂ (ω)ejωtdω (2.10)

where F̂ (ω) is referred as the CFT of F (t), ω is the angular frequency and
j =

√−1. F̂ (ω) is in general complex and a plot of the amplitude of this
function against frequency gives the spectral density of the time signal F (t).
As an example let us consider the rectangular pulse given by Equation 2.8.
The CFT is obtained using Equation 2.10,

F̂ (ω) =
∫ t0+d

t0

F0e
−jωtdt = F0d

(
sinωd/2
ωd/2

)
e−jω(t0+d/2) (2.11)

Following are some of the important properties of CFT

• Linearity: The CFT is a linear transformation, i.e., for two functions
F (t) and G(t), and constants a and b, the Fourier transform of the
function aF (t)+bG(t) can be obtained as aF̂ (ω)+bĜ(ω). This can also
be written as aF (t) + bG(t) ⇔ aF̂ (ω) + bĜ(ω) where the symbol ⇔
denotes Fourier transformation hereafter.

• Scaling: If a time signal is multiplied by a non-zero factor k to become
F (kt), the CFT is given as F (kt) ⇔ 1

|k| F̂ (ω/k). This implies that
compression in time domain results in dilation in frequency domain.
The amplitude however decreases to keep the energy constant.

• Shifting: A shift in the time signal by ts is manifested as a phase
change in the transformed frequency domain obtained through CFT.
The transform pair can be written as F (t− ts)⇔ F̂ (ω)e−jωts
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12 Wavelet Methods for Dynamical Problems

• Symmetric property of CFT: The time signal F (t) can always be
written as superposition of a symmetric (even) and anti-symmetric (odd)
function, Fe(t) and Fo(t) respectively, where

Fe(t) =
1
2

[F (t) + F (−t)] , Fo(t) =
1
2

[F (t)− F (−t)]

CFT being linear and having the scaling property,

Fe(t)⇔ 1
2

[
F̂ (ω) + F̂ (−ω)

]
= Real

[
F̂ (ω)

]
= F̂R(ω) (2.12)

Fo(t)⇔ 1
2

[
F̂ (ω)− F̂ (−ω)

]
= jImag

[
F̂ (ω)

]
= jF̂I(ω) (2.13)

Thus, combining Equations 2.12 and 2.13,

F (t)⇔ F̂R(ω) + jF̂I(ω) (2.14)

Substituting Equation 2.14 into the first part of Equation 2.10 and ex-
panding e−jωt in terms of sine and cosine functions, we get

F̂R(ω) =
1
2π

∫ ∞

−∞
F (t) cos(ωt)dt F̂I(ω) =

1
2π

∫ ∞

−∞
F (t) sin(ωt)dt

(2.15)
The first integral is an even function and the second is an odd function,
i.e., F̂R(ω) = F̂R(−ω) and F̂I(ω) = −F̂I(−ω). Thus, F̂ (ω) = F̂R(ω) +
jF̂I(ω) and F̂ (−ω) = F̂R(−ω) + jF̂I(−ω) = F̂R(ω) − jF̂I(ω) = F̂ ∗(ω).
Now, F̂ (−ω) is the CFT on the left of the origin (ω = 0 here) and is
the complex conjugate of the CFT F̂ (ω) on the right of the origin. This
origin point is called the Nyquist frequency and is of much importance
as the Fourier transform is required to evaluate only for half of the total
frequency range. The CFT on the other side of the Nyquist frequency
is obtained as the conjugate of the other half for any real function as
the time signal.

• Convolution: A very useful and interesting property of CFT is that the
convolution of two signals in time domain is their product in transformed
frequency domain and vice versa. The CFT of two time signals F1(t)
and F2(t) is obtained as

F̂12(ω) =
∫ ∞

−∞
F1(t)F2(t)e−jωtdt (2.16)

Substituting Equation 2.10 in the above equation for both these func-
tions, we get

F̂12(ω) =
∫ ∞

∞
F̂1(ω̄)

∫ ∞

−∞
F2(t)e−j(ω−ω̄)tdtdω̄ =

∫ ∞

−∞
F̂1(ω̄)F̂2(ω− ω̄)dω̄

(2.17)
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This can be written as

F1(t)F2(t)⇔
∫ ∞

−∞
F̂1(ω)F̂2(ω − ω̄)dω̄ (2.18)

and, conversely, F̂1(ω)F̂2(ω).

2.2.2 Discrete Fourier transform

The continuous Fourier transform can only be applied to analytical func-
tions, for example, signals which are given as continuous functions of time.
Thus, it cannot be used for numerical analysis. This is a serious limitation as
majority of the present day problems are required to be solved numerically.
The same example of the signal can be considered where it is obtained as nu-
merical data captured at certain time interval as it happens in most of the real
life situations. This necessitates a numerical representation of Fourier trans-
form and is termed as discrete Fourier transform (DFT). There is however
an intermediate form, the Fourier series (FS), where the inverse transform is
written in form of series as

F (t) =
1
2
a0+

∞∑

n=1

[
an cos

(
2πn

t

T

)
+ bn sin

(
2πn

t

T

)]
T is the period of F (t)

(2.19)
It should be noted that the numerical representation of Fourier transform in
FS and also in DFT requires a periodicity assumption. The signal is assumed
to have a time period T after which it repeats itself. The FS coefficients an

and bn are obtained from forward transform which is written in integral form,

an =
2
T

∫ T

0

F (t) cos
(

2πn
t

T

)
dt bn =

2
T

∫ T

0

F (t) sin
(

2πn
t

T

)
dt

n = 0, 1, 2, . . . (2.20)

Using the symmetric and anti-symmetric properties of an and bn respectively,
Equation 2.19 can be rewritten in following exponential form,

F (t) =
1
2

∞∑

−∞
(an − ıbn)e−ıωnt =

∞∑

−∞
F̂ne

ıωnt ωn =
2πn
T

(2.21)

and

F̂n =
1
2
(an − ıbn) =

1
T

∫ T

0

F (t)e−ıωntdt n = 0, ± 1, ± 2 . . . (2.22)

The main aim of DFT is to replace the integral form of the forward Fourier
transform given by Equation 2.22 by a summation for numerical implementa-
tion. This can be done in the following way. Let us consider the time signal
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14 Wavelet Methods for Dynamical Problems

F (t) is divided into M equal width rectangles with height Fm which is the
value of F (t) at any time instant tm, m = 0, 1, . . . ,M − 1. The width is the
time interval Δt = T

M . Now knowing that the CFT of a rectangle is a sinc
function, with the rectangular approximation of the signal, the integral given
by the Equation 2.22 can be written as the summation of M sinc functions
of pulse width ΔT as follows

F̂n = ΔT
[
sin(ωnΔT/2)
(ωnΔT/2)

] M∑

m=0

Fme
−ıωntm (2.23)

For fine discretization, ΔT is very small which make the value of the sinc
function given in Equation 2.23 nearly equal to unity. Hence the forward and
inverse DFT can be written as

F̂n = F̂ (ωn) = ΔT
N−1∑

m=0

Fme
−ıωntm = ΔT

N−1∑

m=0

Fme
−ı2πnm/N

Fm = F (tm) =
1
T

N−1∑

n=0

F̂ne
ıωntm =

1
T

N−1∑

n=0

F̂ne
ı2πnm/N (2.24)

Here, both n and m range from 0 to N − 1.

Similar to CFT, the DFT of a real function, for example a time signal, is
also symmetric about the Nyquist frequency. The DFT coefficients on one
side of the Nyquist frequency is the complex conjugate of the coefficients on
the other side of it. Thus, even here, for a real function, the DFT is required
to be evaluated only for half of the frequency range, i.e., up to the Nyquist
frequency given as fnyq = 1

2ΔT .

In this subsection and following subsections on windowed Fourier transform
and discrete wavelet transform, a comparative study of the three methods in
the context of spectral analysis of time signals is presented [74]. All these
transforms can provide spectral analysis of a signal but vary from each other
with respect to the time resolution. Fourier transform decomposes a signal
into its frequency components and the coefficients provide the averaged spec-
tral density independent of time. Hence, the Fourier transform of two signals
with different time histories can show the same spectral density [74]. Let us
consider a N = 16 points time signal shown in Figure 2.1(a) with sampling
time interval ΔT = 0.004 s. Figure 2.1(b) shows the corresponding DFT co-
efficients |F̂n|. According to what we discussed before, the moduli of the DFT
coefficients are symmetric about the Nyquist frequency. Modulus of each of
the DFT coefficients |F̂n| for n = 0, 1, . . . , N − 1 denotes the spectral den-
sity of the signal averaged over the time period T at the circular frequency
ωn = 2πn

NΔT .

© 2010 by Taylor and Francis Group, LLC



Integral Transform Methods 15

0 0.01 0.02 0.03 0.04 0.05 0.06
Time (sec)

F
(t

)

Sampled Points

(a)

200 400 600 800 1000 1200 1400
Frequency ω  (rad/s)

|F
(ω

)|

Nyquist
Frequency

(b)
FIGURE 2.1: (a) Discretized (16 points) time signal and (b) DFT coeffi-
cients of the signal
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16 Wavelet Methods for Dynamical Problems

2.2.3 Short term Fourier transform

The short term Fourier transform (STFT) replaces the sinusoidal approxi-
mation of a signal by the product of the sinusoid and a window localized in
time. Thus, it has two arguments, time and frequency. The STFT is defined
as

F̂SF (t0, ω) =
∫ ∞

−∞
F (t)G(t − t0)e−ıωtdt (2.25)

Here, G(t) is the windowing function centered at time t0. This window cap-
tures a short length of the data centered at t = t0 and only this part of the
signal contributes to F̂SF (t0, ω). The window can be moved along the time
axis and the calculation is repeated. In this way, a time-frequency distribution
of the signal can be achieved which can circumvent the drawback of Fourier
transform which provide the frequency information averaged over the entire
length of time.

In frequency domain, the STFT or the Fourier transform of the truncated
signal can be obtained as the convolution of the Fourier transform of the
original signal F (t) and the Fourier transform of the windowing function G(t)
and can be written as

F̂SF (t0, ω) =
1
2π
F̂ (ω) ∗ Ĝ(ω) (2.26)

Thus, even in frequency domain the STFT results in selecting a frequency
window defined by Ĝ(ω) from the entire frequency content of the signal given
by F̂ (ω). Thus the properties of STFT are determined by the window, or
rather its Fourier transform. In order to preserve the properties of the original
signal to the most, the Fourier transform of G(t) should be real, even, and
the energy should be concentrated around the Nyquist frequency. The most
rudimentary form is the rectangular window. A rectangular window over the
interval [0 Tw] is defined as,

G(t) =
{

1 for 0 ≤ t ≤ Tw

0 otherwise (2.27)

A rectangular window cut the signal into non-overlapping slices of length Tw.
Performing STFT using rectangular window is equivalent to doing Fourier
transform on each slice of the signal separately. Such abrupt cut-off of the
signal, however, results in some unwanted features. Thus, more smooth win-
dows are used and some of the classical windowing functions normalized as
G(0) = 1 are presented in Table 2.1.

For a window with width Tw, the frequency bandwidth is approximately 1
T .

Thus, using a shorter window means that the bandwidth is wider. In other
words, it is not possible to obtain a higher degree of resolution both in time
and frequency. A feature of STFT is that it has same time resolution at all the
frequencies. To obtain finer time resolution in higher frequency will require to
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TABLE 2.1: Different windowing functions,
G(t) used for WFT

G (t)
Hamming 0.54 + 0.46 cos (2πt)
Gaussian e−18t2

Hanning cos2 (πt)
Blackman 0.42 + 0.5 cos (2πt) + 0.08 cos (4πt)

keep the same resolution at the lower frequencies which is redundant. These
drawbacks of Fourier transform and also short term Fourier transform are
circumvented by wavelet transform explained in the next section.

2.3 Wavelet transform

The word wavelet has been derived from the French word ondelette mean-
ing “small wave” and coined by Morlet and Grossmann [70, 69, 38] in early
1980s. The development of wavelet like functions, notably, Haar wavelets
and Littlewood-Paley wavelets, however, date backs to the early part of 20th
century. Since then from around 1975, a lot of researchers were involved in de-
velopment of wavelets. Some notable contributors include Morlet and Gross-
mann [38] for formulation of continuous wavelet transform (CWT), Stromberg
[93] for early works on discrete wavelet transform (DWT), Meyer [61] and Mal-
lat [58] for multi-resolution analysis using wavelet transform, and Daubechies
[20] for proposal of orthogonal compactly supported wavelets. Thereafter, a
lot of work has been done both on development and application of wavelet
analysis on a wide variety of problems like signal and image processing, data
condensation, solution of differential equations. In this book, we will primarily
concentrate on use of wavelet transform for signal processing in the realm of
structural dynamics and also the solution of governing equations of motion of
structural systems. In the following subsections, we provide a generalized in-
troduction to wavelets and then focus on the details of Daubechies orthogonal
compactly supported wavelets.

According to Daubechies [20], wavelet transform can be defined as, “The
wavelet transform is a tool that cuts up data, functions or operators into differ-
ent frequency components, and then studies each component with a resolution
matched to its scale.” For example, in analysis of time signal for structural
dynamics, the wavelet transform will decompose the signal into its frequency
components and for each of these frequency components, the time histories
are preserved, but with a certain time resolution depending on the frequency.
Hence, unlike STFT given by Equation 2.25, the forward continuous wavelet
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transform (CWT) of the F (t) is written as

FW (a, b) =
∫ ∞

−∞
F (t)ψ

(
t− b
a

)
(2.28)

Here, ψ(t) is the wavelet basis function and can be thought of as a windowing
function similar to G(t) for STFT. b defines the position in time and a defines
the width of ψ(t). These parameters modify the basis function ψ(t) by scaling
and shifting it.

2.3.1 Multi-resolution analysis with wavelets

Prior to studying the use of wavelets for multi-resolution analysis (MRA),
we should understand its mathematical basis. For multi-resolution represen-
tation of a function in L2(R), we need to obtain a sequence of closed subspaces
Vj for j ∈ Z with the following properties,

1. Vj ⊂ Vj+1 ∀ Z, i.e.,

{0} · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 · · · ⊂ L2(R)

2.
⋃

j∈Z
Vj is dense in L2(R)

3.
⋂

j∈Z
Vj = {0}

4. The subspaces are related by a scaling relation,

F (t) ∈ Vj ⇔ F (2t) ∈ Vj+1 ∀ j ∈ Z

This can also be written as

F (t) ∈ Vj ⇔ F (2kt) ∈ Vj+k and F (t) ∈ Vj ⇔ F (2−jt) ∈ V0 ∀ j ∈ Z

Thus, the problem of finding the embedded subspaces Vj essentially
reduces to the problem of obtaining V0.

5. Each subspace is spanned by integer translates of a single function,

F (t) ∈ Vj ⇔ F (t+ 1) ∈ Vj ∀j ∈ Z

From the above properties of MRA it can be concluded that we need to find
a scaling function ϕ(t) ∈ V0 such that its integer translates {ϕ(t− k), k ∈ Z}
are the Riesz bases for the space V0. Now, ϕ(2t− k) will form a basis for the
space V1. Thus,

V0 = span{ϕ(t− k), k ∈ Z}
V1 = span{ϕ(2t− k), k ∈ Z}
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Since V0 ∈ V1, the basis functions of space V0 can be expressed in terms of
the basis functions in V1 as

ϕ(t) =
∞∑

−∞
akϕ(2t− k) (2.29)

Equation 2.29 is referred to as dilation or scaling relation and ak, k ∈ Z are
referred to as filter coefficients. The above equation can be solved to derive the
scaling function ϕ(t) which forms the bases for space V0. The basis function
for Vj can thus be defined as

ϕj,k = 2j/2ϕ(2jt− k) (2.30)

Here, j and k are the dilation and translation indices. In analysis of time
signals, j corresponds to the frequency and k to the time.

Let us denote the approximation of the function F(t) by the scaling func-
tions ϕj,k(t) as PjF . In other words, it is the projection of F (t) into the
subspace Vj ,

PjF =
∞∑

−∞
cj,kϕj,k(t) (2.31)

Here, cj,k are the approximation coefficients and as j →∞, PjF → F .
The next step is to obtain a closure subspace Wj , j ∈ Z for the subspaces

Vj and its orthogonal complement such that

Vj+1 = Vj ⊕Wj and Vj ⊥Wj (2.32)

Here, ⊕ denotes the direct sum. The subspaces Wj are orthogonal and also

⊕j∈ZWj = L2(R) (2.33)

The wavelet function ψ(t) is defined such that it translates ψ(t − k), k ∈ Z

are the Riesz bases for W0. Thus,

ψj,k = 2j/2ψ(2jt− k) (2.34)

form the Riesz basis for the subspace Wj . Similar to scaling function ϕ(t) for
subspace V0, the wavelet function ψ(t) for the subspace W0 can be written as
a linear combination of the basis functions for V1 as W0 ⊂ V1,

ψ(t) =
∞∑

−∞
bkϕ(2t− k) (2.35)

Let us consider QjF as the approximation of F (t) using wavelet functions
ψj,k(t) and it is the projection of F (t) on the subspace Wj . This can be
written as

QjF =
∞∑

−∞
dj,kψj,k(t) (2.36)
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Here, dj,k are referred as detail coefficients. Now, using Equation 2.32, Pj+1F
can be written as

Pj+1F = PjF +QjF (2.37)

Thus, the approximation of F (t) at the higher or refined scale is obtained
from the approximations at the lower scale with lower resolution. This forms
the basis of multi-resolution analysis using wavelets.

2.3.2 Daubechies compactly supported wavelets

It can be summarized from what has been discussed in the previous subsec-
tion that wavelets ψj,k form the basis functions for L2(R) and any function
in L2(R) can be represented using these bases. Several wavelet functions,
for example Morlet wavelets, Shanon wavelets, Meyer wavelets, Mexican hat
wavelets, have been proposed by the researchers. The choice of the wavelet,
however, depends on the nature of analysis to be performed. This book deals
with the use of wavelet methods for both analysis of time signal in the context
of structural dynamics and also for the solution of the wave equations to study
elastic wave propagation in structural waveguides. The solution of such partial
differential wave equations requires wavelet bases with localized supports for
imposition of the boundary conditions. Daubechies [19, 20] proposed orthog-
onal compactly supported wavelets referred as Daubechies wavelets. There
are other compactly supported wavelets like bi-orthogonal spline (B-spline)
wavelets [16, 17], and interpolation wavelets [6, 22].

2.3.2.1 Construction of Daubechies compactly supported wavelets

This section is focussed on the properties and construction of Daubechies
compactly supported wavelets. The first step in the derivation of these wavelets
is to obtain the scaling functions ϕ(t) from the scaling or dilation equation
given by Equation 2.28. The filter coefficients ak determine the nature of
the wavelet function and for Daubechies compactly supported wavelets only
a finite number of filter coefficients are non-zero. ψ(t) is again obtained from
ϕ(t) using Equation 2.35 and for Daubechies wavelets it can be written as

ψ(t) =
∞∑

−∞
(−1)ka1−kϕ(2t− k) (2.38)

ak and (−1)kak form the quadrature mirror filters. The above equation satis-
fies the orthogonal condition of scaling and wavelet functions required by the
Equation 2.32. The filter coefficients are obtained by imposing the following
constraints on the scaling functions,

1. For uniqueness, normalization is done by considering the area under the
scaling function to be unity,

∫ ∞

−∞
ϕ(t)dt = 1 (2.39)

© 2010 by Taylor and Francis Group, LLC



Integral Transform Methods 21

The above equation leads to the following condition on the filter coeffi-
cients,

∞∑

−∞
ak = 2 (2.40)

2. For Daubechies wavelets, the integer translates of scaling functions are
orthogonal, i.e.,

∫ ∞

−∞
ϕ(t)ϕ(t + l)dt = δ0,l, l ∈ Z (2.41)

where

δ0,l =
{

1, l = 0
0, otherwise

This gives a condition on the filter coefficients as

∞∑

k=−∞
akak+2l = 2δ0,l, l ∈ Z (2.42)

3. The conditions on the filter coefficients given by Equations 2.40 and
2.42 do not give an unique set of filter coefficients. For an N coefficients
system, the Equations 2.40 and 2.42 provide only N/2 + 1 equations for
the filter coefficients. For the remaining N/2− 1 equations required to
obtain an unique set of filter coefficients we need some other conditions
to be imposed on the wavelet functions. For Daubechies wavelets, the
conditions are imposed by considering that the scaling functions should
be able to exactly represent polynomials of order M and M = N/2. Let
us consider a polynomial of order M as

f(t) = a0 + a1t+ a2t
2 + · · ·+ aM−1t

M−1 (2.43)

The above polynomial should be exactly represented by an expansion
similar to that given by Equation 2.30 for j = 0 and can be written as

f(t) =
∞∑

k=−∞
ckϕ(t− k) (2.44)

Since ψ(t) are orthogonal to the translates of ϕ(t), taking inner product
of Equation 2.44 with ψ(t) gives

〈f(t), ψ(t)〉 =
∞∑

k=−∞
ck〈ϕ(t − k), ψ(t)〉 ≡ 0 (2.45)
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Thus, substituting Equation 2.43 in the above Equation 2.45, we get

a0

∫ ∞

−∞
ψ(t)dt+ a1

∫ ∞

−∞
ψ(t)tdt+ · · ·+ aM−1

∫ ∞

−∞
ψ(t)tMdt ≡ 0 (2.46)

The above identity is valid for all aj for j = 0, 1, 2, · · ·M−1. Choosing
al = 1 and all other aj = 0 gives

∫ ∞

−∞
ψ(t)tldt l = 0, 1, 2 . . .M − 1 (2.47)

This implies that the first M moments of the wavelet function should
be zero. Equation 2.47 can be written in terms of the filter coefficients
after some calculations as

∞∑

k=−∞
(−1)kakk

l = 0 l = 0, 1, 2, . . . ,M − 1 (2.48)

N = 2M determines the order of the Daubechies wavelet and is referred
as D4, D6, D8 and thereafter for N = 4, 6, 8 respectively.

As said before, the scaling functions are obtained by solving recursively the
dilation Equation 2.29 which can be expanded for DN as,

ϕ(t) = a0ϕ(2t) + a1ϕ(2t− 1) + · · ·+ aN−1ϕ(2t−N + 1) (2.49)

Using the compactness criteria of the Daubechies scaling functions between
0 to N − 1 where N is the order of the DN Daubechies scaling function, the
relation given in Equation 2.49 can be written as the following equations,

ϕ(0) = a0ϕ(0)
ϕ(1) = a0ϕ(2) + a1ϕ(1) + a2ϕ(0)
ϕ(2) = a0ϕ(4) + a1ϕ(3) + a2ϕ(2) + a3ϕ(1) + a4ϕ(0)
...
ϕ(N − 2) = aN−3ϕ(N − 1) + aN−2ϕ(N − 2) + aN−1ϕ(N − 3)
ϕ(N − 1) = aN−1ϕ(N − 1)

This can also be written as matrix form,
⎡

⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

a0 0 0 · · · 0 0 0
a2 a1 a0 · · · 0 0 0
a4 a3 a2 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · aN−3 aN−4 aN−5

0 0 0 · · · aN−1 aN−2 aN−3

0 0 0 · · · 0 0 aN−1

⎤

⎥
⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

ϕ(0)
ϕ(1)
ϕ(2)
· · ·

ϕ(N − 3)
ϕ(N − 2)
ϕ(N − 1)

⎤

⎥
⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

ϕ(0)
ϕ(1)
ϕ(2)
· · ·

ϕ(N − 3)
ϕ(N − 2)
ϕ(N − 1)

⎤

⎥
⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

(2.50)
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TABLE 2.2: Filter coefficients ak for Daubechies scaling
function with N = 4, 6, and 12
k D4 D6 D12
0 0.68301270189244 0.47046720778540 0.07887121600143
1 1.18301270189174 1.14111691583462 0.34975190703757
2 0.31698729810756 0.65036500052742 0.53113187994121
3 -0.18301270189174 -0.19093441556852 0.22291566146505
4 -0.12083220831070 -0.15999329944587
5 0.04981749973178 -0.09175903203003
6 0.06894404648720
7 0.01946160485396
8 -0.02233187416548
9 0.00039162557603
10 0.00337803118151
11 -0.00076176690258

or

Aϕ = ϕ

Thus, Equation 2.50 possesses an eigenvalue problem and can be solved to
obtain ϕ as the eigenvectors. The matrix A is known as the filter coefficients
ak and can be solved from Equations 2.40, 2.42, and 2.48. The filter coef-
ficients for D4, D6, and D8 are given in Table 2.2. These filter coefficients
can be obtained using the MATLAB wavelet toolbox function dbwavf. The
MATLAB program 2.1 shows the use of dbwavf.

Once the values of ϕ(t) are known at the integer values of t between 0 to
N − 1, the values at the points in between the integers can be obtained from
the Equation 2.29 modified as

ϕ

(
t

2

)
=

∞∑

k=−∞
akϕ(t− k) (2.51)

These iterations can be done as many times as required to obtain ϕ(t) over a
grid of dyadic points. An unique set of ϕ can be obtained through normal-
ization using Equation 2.39. MATLAB program 2.2 shows the derivation of
Daubechies scaling functions and wavelets using wavelet toolbox functions.

The scaling functions and the wavelets functions for Haar wavelets (D2)
and Daubechies D4 and D12 are presented in Figure 2.2

2.3.3 Discrete wavelet transform

The Discrete Wavelet Transform (DWT) is the multi-resolution represen-
tation of a finite length discretized signal from fine to coarse scale. For time
signals, each of these scales represent a certain frequency band with a time res-
olution matching the frequency content. Higher frequency components have
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________________________________________________
MATLAB program 2.1
________________________________________________
% Method 1
dbM=‘db2’; % for D4
% M=N/2, where, N=2, 4, 6 so on
a_k=dbwavf(dbM); % a_k are the filter coefficients
% a_k are normalized as sum(a_k)=1
%
% Method 2
sum_a_k=1; % sum_a_k=sum(a_k)
a_k=dbaux(M,sum_a_k);
%
% a_k can also be normalized as sum(a_k)=2,
% according to Equation 2.40
% Values in Table 2.2 are normalized as sum(a_k)=2

________________________________________________
MATLAB program 2.2
________________________________________________
dbM=‘db2’; % for D4
% M=N/2, where, N=2, 4, 6 so on

iter=3; [phi,psi,xval]=wavefun(dbM,iter);
% phi : scaling function, psi : wavelet function
%
% Normalization according to Equation 2.39

% total number of iteration = 2^iter
% Iteration 1: evaluates phi & psi at integer
% points in [0 2M-1]
% Iteration 2: evaluates phi & psi at mid-points
% of the integer points
% Iteration 3: evaluates phi & psi at mid-points
% of the grid points formed by Iterations 1 & 2

% xval : grid points created in [0 2M-1]

% Figure 2.4 plot the scaling and wavelet functions
% for D2, D4 and D12 using this program.

% Plot of scaling function
Figure(1) plot(XVAL,PHI)

% Plot of wavelet function
Figure(2) plot(XVAL,PSI)
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FIGURE 2.2: (a) Haar (D2) scaling function, (b) Haar wavelet, (c)
Daubechies D4 scaling function, (d) Daubechies D4 wavelet, (e) Daubechies
D12 scaling function, and (f) Daubechies D12 wavelet
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a finer time resolution while lower frequency components have a coarser time
resolution. DWT can be performed using a fast algorithm referred to as Mal-
lat’s transform [57]. Mallat’s transform follows a natural tree decomposition
and transfers data from one level of resolution j, to the coarser level of reso-
lution j − 1, while inverse Mallat’s transform follows the reverse process. As
given by Equation 2.31, cj,k are the approximation coefficients or the scaling
function coefficients of the function F (t) at the resolution level j. Similarly,
dj,k are the details or wavelet coefficients of F (t) at the resolution level j as
given by Equation 2.36. Equations 2.31 and 2.36 can be applied for discretized
form of F (t) given as

Fi = F (iΔt) where Δt is the time sampling rate
i = 0, 1, . . . , n− 1

In summary,

1. The forward Mallat’s transform or Mallat’s decomposition decomposes
the approximation coefficients cj,k at resolution level j into the approx-
imation coefficients cj−1,k and details coefficients dj−1,k of the next
coarse resolution level j − 1. This can be repeated for further coarser
levels.

2. The inverse Mallat’s transform or Mallat’s reconstruction reconstructs
the approximation coefficients cj,k from cj−1,k and dj−1,k of the resolu-
tion level j − 1.

The Mallat’s forward algorithm is implemented using discrete filters g and
h termed as low pass and high pass filters that are convolved with the ap-
proximation coefficients cj,k to obtain cj−1,k and dj−1,k after down-sampling
by two. The down-sampling is done by keeping only every other sample.
Figure 2.3 shows the process of forward Mallat’s transform. For Daubechies
wavelet, assuming the discretized function Fi to be periodic, the low pass and
high pass filters are given as

g = [a0, 0, 0, . . . , 0, aN−1, . . . , a2, a1]T (2.52)
h = [aN−1, 0, 0, . . . , 0,−a0, . . . , aN−3,−aN−2]T (2.53)

where ak, k = 0, 1, . . . , N − 1 are the filter coefficients as explained in Equa-
tion 2.29 and N is the order of Daubechies wavelet as in Equation 2.43.

Figure 2.4 shows the inverse Mallat’s algorithm or Mallat’s reconstruction.
Here, the approximation coefficients cj,k at the higher or finer resolution level j
are reconstructed from the approximation cj−1,k and detail dj−1,k coefficients
of the coarser level j−1. Here, cj−1,k and dj−1,k are convolved with low pass g1
and high pass h1 filters after up-sampling by two. The up-sampling is done by
adding zero in between two samples of cj−1,k and dj−1,k. cj,k are reconstructed
by adding the convolved data. Similar to Mallat’s decomposition, the low pass
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FIGURE 2.3: Three level forward Mallat’s transform

FIGURE 2.4: Three level inverse Mallat’s transform
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and high pass discrete filters for Mallat’s reconstruction using Daubechies
wavelets and assuming Fi to be periodic are as follows,

g1 = [aN−1,−aN−2, aN−3,−aN−4, . . . , a1,−a0, 0, . . . , 0, 0]T (2.54)
h1 = [ao, a1, a2, a3, . . . , aN−2, aN−1, . . . , 0, 0]T (2.55)

A discretized impulse time signal F (t) is shown in Figure 2.5(a) which has a
duration of 50 μs and starts at 100 μs. The time sampling rate for the signal
is Δt = 1 μs and the time window considered is Tw = 512 μs. Thus, the total
number of sampling (data) points in F (t) is n = 512. Figure 2.5(b) shows the
details coefficients dj,k, at different resolution scales or levels denoted by j.
The transformation is done using Haar wavelets and Mallat’s decomposition
algorithm. The corresponding Matlab functions for Mallat’s decomposition
and reconstruction using Haar wavelets are given in Matlab Program 2.3 and
2.4.

The maximum number of levels that a signal of length n can be decom-
posed are j = 0 to n0 − 1 and n = 2n0 . In addition, there is a level, often
referred as level −1. This level contains a single coefficient which represents
the average level of F (t), while all other levels have zero mean. It is impor-
tant to consider this level for proper reconstruction of the signal from the
details coefficients. Again, for a given j, k varies from 0 to 2j − 1. Next,
the decomposed components of F (t) at each level are plotted in Figure 2.6.
As mentioned earlier, for a time signal, each of these levels denotes a certain
frequency band. These components are obtained by reconstructing the signal
from dj,k of each level [74]. The original signal can also be obtained by di-
rect summation of these components. The reconstruction process is shown in
Figure 2.7.

A common way of presenting the wavelet coefficients is the wavelet map.
It is a very convenient representation of the time-frequency distribution of a
time signal. Figure 2.8 shows the wavelet map of impulse load F (t) and, as
said earlier, the total number of levels are j = 0 to 8, each representing a
frequency band covering the range 0 to 500 kHz. The map presented in the
figure plots the absolute of wavelet detail coefficient and here a higher order
of Daubechies wavelet with N = 8 is used for the decomposition. The map
has been normalized to a maximum value of unity. The Matlab Program for
generation of the wavelet map is given below. The code uses Matlab’s in-built
function to perform the decomposition.
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FIGURE 2.5: (a) Discretized impulse time signal F(t) and (b) details co-
efficients dj,k using Haar wavelets
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________________________________________________
MATLAB Program 2.3
________________________________________________
% INPUT SIGNAL
fname=input(’Enter input file name: ’,’s’);
pulse=load(fname);
t=pulse(:,1); % Time
F=pulse(:,2); % F(t)
l1=length(F);
%
% Zero padding to make the length: 2^(n0)
n0=9; n=2^n0; F(l1+1:n)=zeros(n-l1,1);
%
% Time Axis
t_s=t(2)-t(1); % Time sampling rate
tf=(n-1)*t_s; % Final time
t=0:t_s:tf;
%
% Forward Haar wavelet transform
d_h=haar_de(F);
%haar_de.m : function for forward Haar wavelet transform
figure(1)
plot(d_h,’r’),% Plot of wavelet coefficients
%
% Inverse Haar wavelet transform
f_r=haar_re(d_h);
%haar_re.m : function for inverse Haar wavelet transform
figure(2)
plot(f_r,’r’),% Plot of reconstructed signal
%
% Reconstruction at each level
d_h_level=zeros(1,n); % Wavelet coefficients at each level
d_h_level(1)=d_h(1); A(1,:)=haar_re(d_h_level);
for i=2:1:n0+1,
d_h_level=zeros(1,n);
d_h_level(2^(i-2)+1:2^(i-1))=d_h(2^(i-2)+1:2^(i-1));
A(i,:)=haar_re(d_h_level); end
%
% Plots of the reconstructed signal at each level
for i=1:1:n0+1, figure(i+2); plot(t,(A(i,:)),’r’), end
%
% Original reconstructed signal obtained by adding the
% signals at each level
figure(n0+4) plot(t,sum(A(1:size(A,1),:)),’r’);

© 2010 by Taylor and Francis Group, LLC



Integral Transform Methods 31

________________________________________________
MATLAB Program 2.4
________________________________________________
function a=haar_de(f)
n=length(f); n0=round(log(n)/log(2));
%
a_k=[1 1]; % Filter coefficients a_k
% for Haar wavelets
b_k=[-1 1]; % Filter coefficients b_k
a=f;
%
for k=n0:-1:1, m=2^(k-1); x=[0]; y=[0];

for i=1:1:m,
for j=1:2,
k(j)=2*i-2+j;

while k(j)>2*m,
k(j)=k(j)-2*m;
end

end
z=a(k);
[mr,nc]=size(z);

if nc>1,
z=z.’;
end

x(i)=a_k*z;
y(i)=b_k*z;
end

x=x/2; y=y/2; a(1:m)=x; a(m+1:2*m)=y;
end
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________________________________________________
MATLAB Program 2.5
________________________________________________
function f=haar_re(a)
n=length(a); n0=round(log(n)/log(2));
%
a_k=[1 1]; % Filter coefficients
% a_k for Haar wavelets
b_k=[-1 1]; % Filter coefficients
% b_k for Haar wavelets
%
f(1)=a(1);
%
for k=1:1:n0, m=2^(k-1);

for i=1:1:m,
k(1)=m+i;

if k(1)<m+1,
k(1)=k(1)+m;

end
z=a(k);
[mr,nc]=size(z);

if nc>1,
z=z.’;
end

x(2*i-1:2*i)=b_k*z;
zz=f(k-m);
[mr,nc]=size(zz);

if nc>1,
zz=zz.’;
end

xx(2*i-1:2*i)=a_k*zz;
end

f(1:2*m)=x+xx;
end
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FIGURE 2.8: (a) Wavelet map for the impulse load F (t) shown in Fig-
ure 2.5; (b) wavelet map plotted up to 125 kHz
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________________________________________________
MATLAB Program 2.6
________________________________________________
% INPUT SIGNAL
fname=input(’Enter input file name: ’,’s’);
pulse=load(fname);
t=pulse(:,1); % Time
F=pulse(:,2); % F(t)
l1=length(F);
% Zero padding to make the length: 2^(n0)
n0=9; n=2^n0; F(l1+1:n)=zeros(n-l1,1);
% Time Axis
t_s=t(2)-t(1); % Time sampling rate
tf=(n-1)*t_s; % Final time
t=0:t_s:tf;
% Frequency Axis
f_max=1/(4*t_s); % Maximum frequency
f_axis=zeros(n0-1,1); f_axis(1,1)=f_max;
for i=2:n0-2

f_axis(i,1)=f_axis(i-1,1)/2;
end f_axis(n0-1,1)=0;
f_axis=(1e-03)*f_axis; % Frequency axis in kHz
%
% Daubechies Wavelet Decomposition
N=16; % Order of Daubechies Wavelet
L=int2str(N/2);
DW=[’db’ L];% String for Daubechies wavelet with order N
dwtmode(’per’); % Periodic Extension
[C BL]=wavedec(F,n0-1,DW);
% Matlab function for wavelet decomposition
% n0-1 Maximum number of levels of wavelet decomposition
% Matrix for Wavelet Map
WM=zeros(n,n0-1);
for i=1:n0-1

DC=C(BL(i+1)+1:BL(i+2));
%

for j=1:2^(n0-i)
WM(j:2^(n0-i):n,i)=abs(DC(:,1).^2);
end

end
% Plotting of wavelet map
figure(1)
pcolor(t,flipud(f_axis),WM.’)
shading(’flat’) colormap(pink(128))
colorbar caxis([0 1.0]);
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Chapter 3

Structural Dynamics: Introduction
and Wavelet Transform

In the last chapter, the concept of wavelet transform in relation with other
integral transforms particularly for solution of mechanical dynamics problem
has been elaborated. In this chapter we focus on using wavelet transform to
solve vibration problems of discrete and continuous structural systems. The
example problems considered to explain the wavelet transform-based tech-
niques are the conventional spring-mass-damper system. Prior to the sections
on wavelet transform, a brief introduction to the preliminary topics of struc-
tural dynamics is provided for completeness of the chapter and also for better
understanding to the readers.

As mentioned earlier, the wavelets used throughout this chapter and the
book are Daubechies compactly supported wavelets. Though several other
forms of wavelets have been used extensively for solution of structural dy-
namic problem and have been reported in literature, in most of these cases,
wavelets have been used as post processing tools either to extract system
information from measured dynamic response or to improve the quality of
experimentally recorded dynamic response to ease the extraction of different
system information. Examples of such applications are de-noising of response
signal, extraction of natural frequency and damping parameters from such
responses, damage detection, and several others. Though these are impor-
tant applications of wavelet transform in structural dynamics, this book has
slightly more varied objectives. An important focus of the book other than
giving a mechanical engineering perspective to wavelet transform and its use
for the above mentioned applications is the wavelet-based solution of equa-
tions of motion or governing equations associated with vibration and wave
propagation problems. For this purpose wavelet functions are used as approx-
imation bases and such functions with localized supports are necessary for
solving finite domain problems. In addition to localized support, orthogonal-
ity of these functions is also important. Daubechies wavelets satisfy all these
criteria among only few other wavelets like bi-orthogonal B-Spline wavelets.
Extension of the methods described in this book to the use of other such
wavelets may not be direct but sufficiently straightforward.

In this chapter, after the brief introduction to vibrations of discrete struc-
tural systems and the conventional analytical solution techniques, the use of
wavelet transform for numerical simulation of free and forced vibrations of

37
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FIGURE 3.1: (a) SDOF system: undamped spring-mass; (b) free body
diagram

multi-degree of freedom (MDOF) system is described in detail. The wavelet-
based solution procedure of single-degree of freedom (SDOF) system can be
directly derived from that for MDOF systems. Similar method for solution
of continuous system has also been explained. However, the methods can be
applied for continuous system after they have been discretized through Finite
Element (FE) or other methods.

3.1 Free vibration of single degree of freedom systems

In this Section, free vibration of a single degree of freedom (SDOF) system
is revisited and analyzed without going into much detail. Though vibration of
an SDOF is preliminary, several concepts of structural dynamics and vibration
are best understood with the example of an SDOF system particularly spring-
mass-damper system. The analysis techniques for vibration of MDOF system
are sometimes a straightforward extension of those for SDOF systems. In
addition, the wavelet method implemented for simulation of time response
can be explained in a most simplified and efficient way using the example of
an SDOF system. Again, implementation of the wavelet method for solution
of MDOF systems is a direct extension of that for a SDOF system.

The section topic can be started by considering an undamped spring-mass
system shown in Figure 3.1(a). The first step in obtaining the response of
such structure is to derive the equation of motion (EOM). EOM is the mathe-
matical expression defining the dynamic displacements of a structural system,
solution of which gives the complete description of the structure as a function
of time [60]. One of the efficient and generalized methods to derive EOM of
a structural system is through Lagrange equation using Hamilton’s principle.
In this Section, however, we will confine ourselves to deriving the EOM from
dynamic equilibrium using D’Alembert’s principle. The principle states that
a mass under motion experiences an inertial force proportional to its accel-
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eration and opposing the motion. Thus the free body diagram of the mass
in the spring-mass system shown in Figure 3.1(a) under dynamic equilibrium
can be written as

mü+ ku = 0 (3.1)

The free body diagram is also shown in Figure 3.1(b). Equation 3.1 can
rewritten in the form

ü+ ω2
nu = 0 where, ω2

n =
k

m
(3.2)

Here ωn is the natural frequency of the SDOF system. Equation 3.2 has a
solution of the form

u(t) = C1e
iωnt + C2e

−iωnt where, i =
√−1

= (C1 + C2) cos(ωnt) + i(C1 − C2) sin(ωnt) (3.3)

Applying initial conditions, u(0) = u0 and u̇(0) = u̇0 in the Equation 3.3, we
get the response as

u(t) = u0 cos(ωnt) +
u̇0

ωn
sin(ωnt) (3.4)

Further, the response given by Equation 3.4 can be written in the following
form by substituting u0 = A cosφ and u̇0 = A sinφ,

u(t) = A cos(ωnt− φ) (3.5)

A =

√

u2
0 +
(
u̇0

ωn

)2

and tanφ =
u̇0

u0ωn

Thus, it can be concluded that the free vibration response of undamped SDOF
is oscillatory with frequency ωn. The amplitude and the phase angle, however,
depend on the initial excitation.

Next, damping is added to the spring-mass SDOF system analyzed so far.
Linear viscous damping is considered here to explain the preliminary effects
of damping on free vibration of a SDOF system. The spring-mass-damper
system and the corresponding free body diagram at dynamic equilibrium is
shown in Figure 3.2(a) and (b). Similar to the un-damped SDOF system, the
EOM of the damped SDOF system can be written from the free body diagram
shown in Figure 3.2(b) and is given by

mü+ cu̇+ ku = 0 (3.6)

where c is the viscous damping constant. Equation 3.6 can be rewritten as

ü+ 2ξωnu̇+ ω2
nu = 0 (3.7)
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FIGURE 3.2: (a) Damped SDOF system: spring-mass-damper; (b) free
body diagram

and ξ = c
2ωnm is referred to as the viscous damping factor or damping ratio.

Assuming u(t) = cest as a solution of Equation 3.7 and substituting it into
the equation, we get

s2 + 2ξωns+ ω2
n = 0

⇒ s =
−2ξωn ±

√
4ξ2ω2

n − 4ω2
n

2

=
(
−ξ ±

√
ξ2 − 1

)
ωn (3.8)

Therefore, we get the expression for response as

u(t) = C1e
(−ξ+
√

ξ2−1)ωnt + C2e
(−ξ−
√

ξ2−1)ωnt

=
[
C1e
√

(ξ2−1)ωnt + C2e
−
√

(ξ2−1)ωnt
]
e−ξωnt (3.9)

The nature of the response given by Equation 3.9 is however determined by the
value of the damping ratio ξ. Depending on the value of ξ, the SDOF system
and the corresponding response can be classified into three cases, namely,
under-damped, critically damped, and over-damped systems or responses. For
the under-damped case, 0 < ξ < 1 and s are complex numbers given as

s =
(
−ξ ± i

√
1− ξ2

)
ωn

Hence, the response given by Equation 3.9 will be oscillatory and can be
written as

u(t) =
(
C1e

i
√

1−ξ2ωnt + C2e
−i
√

1−ξ2ωnt
)
e−ξωnt

=
(
C1e

iωdt + C2e
−iωdt

)
e−ξωnt

= [(C1 + C2) cos(ωdt) + i(C1 − C2) sin(ωdt)] e−ξωnt (3.10)

where ωd =
√

1− ξ2ωn and is referred as damped natural frequency. The
above analysis shows that the response of an under-damped system will be
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oscillatory with an exponential decay in the amplitude governed by the term
e−ξωnt. Applying the initial conditions, u(0) = u0 and u̇(0) = u̇0, we get the
response as

u(t) =
[
u0 cos(ωdt) +

(
u̇0 + ξωnu0

ωd

)
sin(ωdt)

]
(3.11)

Substituting u0 = A cosφ and (u̇0+ξωnu0)
ωd

= A sinφ, Equation 3.11 can also
be expressed as

u(t) = A cos(ωdt−φ), where A =

√

u2
0 +

(u̇0 + ξωnu0)2

ω2
d

, tanφ =
u̇0 + ξωnu0

u0ωd

(3.12)
An under-damping is the most common form of damping experienced in real
life structures. The second case is the critically damped condition with ξ = 1
for which s given by Equation 3.8 is real and equal. Thus, the response can
be written as

u(t) = (C1 + C2t)e−ωnt (3.13)

The unknown constants C1 and C2 can be obtained from the initial condition
as done for the under-damped case. Equation 3.13 shows that the response at
critical damping is non-oscillatory and the amplitude will decrease exponen-
tially. Critical damping can also be thought as the minimum damping required
to prevent oscillatory motion. It can be seen from the following derivation
that even for over-damped system, the response is non-oscillatory, but the
rate of decay of the response is lower than the critically damped system. For
over-damped system with ξ > 1, the response is obtained as

u(t) = (C1e
ωdt + C2e

−ωdt)e−ξωnt (3.14)

Figure 3.3 plots and compares the free vibration responses of SDOF under
different damping conditions. The SDOF has a natural frequency of 4.0 Hz
and the initial conditions are u0 = 1 mm and u̇0 = 5 mm/s.

3.2 Forced vibration of SDOF system

This Section provides a brief overview of the different commonly used an-
alytical techniques to solve the forced vibration problem. Even here, the
spring-mass-damper system explained in the previous Section is used as an
example of SDOF system. Before going into the details of a generalized so-
lution scheme for a harmonic, periodic, and arbitrary loading condition, a
simple example of step loading is dealt with to preview forced vibration of
SDOF system.
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FIGURE 3.3: Free vibration of SDOF system under different damping
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F(t)

Time

P0

FIGURE 3.4: Step load

A step function of magnitude P0 is shown in Figure 3.4 and the EOM of a
spring-mass-damper system under this load is given as

mü+ cu̇+ ku = P0

ü+ 2ξωnu̇+ ω2
nu =

P0

m
(3.15)

The solution of the above linear, non-homogeneous differential equation is
given as

u(t) = uc(t) + up(t) (3.16)

where uc is the complementary solution and for under-damped system is of
the form given by Equation 3.10. up is the particular solution of Equation 3.15
and is given as,

up(t) =
P0

mω2
n

(3.17)

Therefore, the response of the SDOF system due to the step loading is given
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FIGURE 3.5: Response of under-damped SDOF to step loading

as

u(t) = [(C1 + C2) cos(ωdt) + i(C1 − C2) sin(ωdt)] e−ξωnt +
P0

mω2
n

(3.18)

Under zero initial condition the response is obtained as

u(t) =
P

mω2
n

[

1− (cosωdt+
ξ

√
1− ξ2 sinωdt)e−ξωnt

]

(3.19)

From Equation 3.19, it can be interpreted that the response of under-damped
SDOF to step function will be oscillatory about P0

mω2
n

and the response nor-

malized by P0
mω2

n
is plotted in Figure 3.5.

3.3 Harmonic loading

A structure commonly encounters harmonic load from rotating machines,
moving loads, and others. Harmonic loading is also used for experimental nat-
ural frequencies, damping, and other dynamic parameters. In this Section, the
response of damped SDOF to harmonic force is reviewed briefly. Considering
a spring-mass-damper system under such loading, the EOM is as follows,

mü+ cu̇+ ku = F0 cosωt = kA cosωt
ü+ 2ξωnu̇+ ω2

nu = ω2
nA cosωt (3.20)

where F0 is the amplitude of the applied load, which can be arbitrarily rep-
resented as F0 = kA. ω is referred as the driving frequency. Similar to the
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problem of step load, the solution of Equation 3.20 is also the superposition of
complementary and particular solutions given by Equation 3.16. The comple-
mentary solution, uc, is the same as Equation 3.10. For damped system, uc

will decay towards zero with time and hence it is called a transient response.
The particular solution, up, is however assumed as

up = X cos(ωt− φ) (3.21)

up does not have any damping term and will persist as long as the force
acts. This part of the response is called the steady-state response. Emphasis
is mostly given in understanding the steady-state response since for realis-
tic damping the transient response becomes negligibly small within a short
duration. Substituting Equation 3.21 in Equation 3.20 and equating the co-
efficients of cosωt and sinωt, we get

X
[
(ω2

n − ω2) cosφ+ 2ξωnω sinφ
]

= ω2
nA (3.22)

X
[
(ω2

n − ω2) sinφ− 2ξωnω cosφ
]

= 0 (3.23)

Multiplying Equations 3.22 and 3.23 by cosφ and sinφ respectively followed
by addition, we get

X(ω2
n − ω2) = ω2

nA cosφ (3.24)

Similarly, multiplying Equations 3.22 and 3.23 by sinφ and cosφ respectively
followed be substraction, we get

X(2ξωnω) = ω2
nA sinφ (3.25)

Solving Equations 3.24 and 3.25, the amplitude X and phase angle φ are
obtained as

X

A
= H(ω) =

1
[{

1−
(

ω
ωn

)2
}2

+
(
2ξ ω

ωn

)2
] 1

2
(3.26)

tanφ =
2ξ ω

ωn

1−
(

ω
ωn

)2 (3.27)

Hence, the steady-state response of a under-damped SDOF is also harmonic
with constant amplitude X and phase angle φ given by Equations 3.26 and
3.27. The ratio X

A is referred to as magnification factor and represented by
H(ω). H(ω) is however not defined for un-damped vibration at resonance.
The magnification factors for different damping ratios are plotted in Fig-
ure 3.6. The driving frequency ω corresponding to the peak value of H(ω)
can be obtained by taking the derivative of the expression of H(ω) given by
Equation 3.26 and equating it to zero. This gives ω = ωn

√
1− 2ξ2 for which
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one gets the peak value of H(ω) referred to as quality factor, Q. Substituting
this value of ω in Equation 3.26 and assuming ξ to be small, we get

Q ≈ 1
2ξ

(3.28)

Thus, H(ω) has the maximum value at frequencies slightly lower than the
resonance frequency, but this converges to the resonance frequency with de-
creasing ξ. Such peak value does not exist for ξ > 1/

√
2. These features of

H(ω) can also be observed from Figure 3.6. Next, the variation of phase angle
φ with ω/ωn for different values of ξ is plotted in Figure 3.7. The main ob-
servation from Figure 3.7 and also the expression of φ given by Equation 3.27
is that φ is π/2 at resonance frequency irrespective of ξ.

3.3.1 Periodic excitation

In this Section, the Fourier series-based method to obtain the response of a
SDOF to general periodic loading is explained. For the applied load F (t) being
periodic, it can be represented by a convergent series of harmonic function as

F (t) =
1
2
a0 +

N∑

n=1

(an cosωnt+ bn sinωnt) (3.29)

where, ωn =
2πn
T

, n = 0, 1, 2, . . .

T being the time period of the function. The above equation is similar to
Equation 2.19, except that the upper limit of the summation is a finite (N)
instead of being infinite. an and bn are the Fourier series coefficients and
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are given by Equation 2.20. Several other properties of Fourier series are also
explained in Subsection 2.2.2 of Chapter 2. N in Equation 3.29 is chosen either
from a convergence study or according to the frequency content of the applied
harmonic loading. In the latter method, the maximum value of N should be
such that ωn = 2πN

T is greater than the maximum frequency content of F (t).
As explained before in Chapter 2, the frequency content of a function or load
can be known from its Fourier transform.

After F (t) is expressed in terms of harmonics given by Equation 3.29, the
steady state response of the SDOF can be obtained for each harmonic using
the methods described in Section 3.3. The final response can be derived by
adding these responses for the different harmonic loading using the superpo-
sition principle.

3.4 Response to arbitrary loading

In the previous Section, the response of a SDOF to harmonic loading and
also generalized periodic loading has been studied. In Section 3.4.2, an an-
alytical technique for obtaining the response to an arbitrary loading will be
described. The method is referred to as Convolution or Duhamel’s Integral
method. Prior to this, however, one needs to understand the concepts of im-
pulse and response to such impulse which is generally termed as impulsive
response.
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FIGURE 3.8: Unit impulse

3.4.1 Impulse response

In a heuristic sense, an impulsive load is one that acts for a very short
duration. Figure 3.8 shows an unit impulse acting at t = a. The impulse
can be thought to have a width ε, where ε → 0 and height 1/ε. An impulse
has the unit of force-sec. Mathematically, an unit impulse is represented by
Dirac-delta function, δ(t− a), defined as

δ(t− a) = 0 ∀ t �= a (3.30)
∫ ∞

−∞
δ(t− a)dt = 1 (3.31)

The integral in Equation 3.31 being non-dimensional, δ(t−a) has an unit s−1.
An impulse load having arbitrary magnitude of F0 can be written as

F (t) = F0δ(t− a) (3.32)

where F0 has the unit of impulse, i.e., force-sec like N-s. The EOM of a SDOF
under impulse load of magnitude F0 acting at t = 0 can be written as

mü+ cu̇+ ku = F0δ(t) (3.33)

An impulse load acting at t = 0 results in initial velocity and the response
due to such a load can be thought of as a free vibration with initial velocity.
Applying Newton’s law, the initial velocity can be obtained in the following
way,

F =
mdv

dt
(3.34)

where v is the velocity at any instance of time. Now,

Fdt = mdv∫ ε

0

Fdt =
∫ ε

0

mdv
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FIGURE 3.9: Arbitrary loading

∫ ε

0

F0δ(t)dt =
∫ ε

0

mdv

F0 = m[v(ε)− v(0)] where, ε→ 0

v(ε) = v(0+) = v(0) =
F0

m
(3.35)

Thus, substituting the initial conditions, u(0) = 0 and u̇(0) = F0
m , into the

free vibration response of an under-damped system given by Equation 3.11,
we get the response as

u(t) =
F0

mωd
e−ξωnt sinωdt (3.36)

Thus the response due to unit impulse is given and defined as

h(t) =
1

mωd
e−ξωnt sinωdt (3.37)

Similarly, the response to unit impulse load acting at t = τ can be written as

h(t− τ) =
1

mωd
e−ξωn(t−τ) sinωd(t− τ) t > τ (3.38)

3.4.2 Convolution integral method

Consider an arbitrary load as shown in Figure 3.9. The load can be thought
of as the superposition of several impulsive loads acting at different time
instances. Such an impulsive load acting at t = τ can be written as

F (t) = F (τ)Δτδ(t − τ) (3.39)

where Δτ is the width of the impulse. The response of the under-damped
SDOF to this loading can be obtained as

uτ (t) = F (τ)Δτh(t − τ) (3.40)

© 2010 by Taylor and Francis Group, LLC



Structural Dynamics: Wavelet Transform 49

Equation 3.40 is obtained by replacing F0 by F (τ)Δτ in Equation 3.36. Hence,
the response due to the entire load shown in Figure 3.9 can be obtained using
principle of superposition as

u(t) =
∑

F (τ)Δτh(t − τ) (3.41)

Again with Δτ → 0, the summation in Equation 3.41 can be replaced by an
integral and can be written as

u(t) =
∫ t

0

F (τ)h(t− τ)dτ (3.42)

The integral in Equation 3.42 is termed as a convolution or Duhamel integral.

3.4.3 Direct time integration methods

In the last two Subsections and in Section 3.3 different analytical methods
to obtain the forced response of damped SDOF have been explained briefly,
mostly for completeness. These analytical methods give a better insight to
the physics of the structural behavior. The main constraint of these methods
is however that they are applicable only when the loading function is known
analytically and hence cannot be applied to real life problems where mostly
discrete values of load are known.

The EOM of a damped SDOF being second order linear ODE in time, it can
be easily solved by adopting one of the several numerical ODE solvers. For
these numerical solution schemes, the loading need not be analytical, rather a
loading known analytically is converted to a discrete loading function. These
numerical schemes can be subdivided as direct and indirect time integration
schemes. In direct time integration, no transformation of the differential equa-
tion to a different domain or form is performed.

For direct time integration, we need to know the initial conditions u0 and
u̇0 to proceed. Let 0 to tf be the time window to be considered and it
is discretized at n time sampling points. Let τ = 0, 1, 2, . . . , n − 1 be the
sampling points, then

t = Δtτ (3.43)

where Δt is the time interval between two sampling points. The underlying
idea of direct time integration scheme is to obtain the response at the sam-
pling points. An approximation function is used to determine the solution at
a time instance knowing the solutions at preceding time instances. Some ex-
amples of commonly used direct time integration schemes are finite difference
methods, Wilson-θ method, Newmark’s time integrations, and others. Among
these, finite difference methods fall under the class of explicit time integration
schemes, while Wilson-θ and Newmark’s methods are implicit time integra-
tion schemes. In explicit schemes, the solution at a time instance is obtained
using the differential equation at the preceding time instance. In contrast, in
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implicit schemes, the equation at the same time instance is used. The details
of these methods, and their stability and suitability for a particular problem
have been discussed in details by Bathe [3] and also in other references.

3.5 Response of SDOF through wavelet transform

In this Section, the implementation of wavelet transform to obtain the
forced vibration response of SDOF is explained in detail. The method pre-
sented is a numerical scheme similar to the direct time integration techniques
explained in the previous Subsection. The wavelet transform-based method
is however an indirect time integration scheme as the differential equations
are solved after transformation to a different domain, wavelet domain in this
case. Other such indirect time integrations methods based on Fourier and
Laplace transforms are also used for solution of structural dynamics prob-
lems. Wavelet transform, however, has certain advantages over the other two
transforms mentioned. These have been discussed in Chapter 2.

Here, the wavelet transform-based method is described through the example
of a damped SDOF. The method can however be directly extended for solution
of MDOF problems and it has been presented in the later Sections on MDOF.
Let us consider the SDOF spring-mass-damper system for which the EOM is
given as

mü+ cu̇+ ku = F (t) (3.44)

Here, only discrete values of F (t) at the time sampling point are required to
be known. Even for cases, where the loading function F (t) is known analyt-
ically, it needs to discretized at the time sampling points. This is because,
as mentioned earlier, the wavelet transform-based method presented here is a
numerical scheme and the solution also gives discrete values of the response
u(t) at those time sampling points. Let u(t) and F (t) be discretized at n
points in the time window [0 tf ]. Let τ = 0, 1, 2, . . . , n − 1 be the sampling
points with Δt being the time interval. The relation between t and τ is given
by Equation 3.43. The function u(t) can be approximated by Daubechies
scaling function ϕ(τ) at an arbitrary scale as

u(t) = u(τ) =
∑

k

ukϕ(τ − k), k ∈ Z (3.45)

where uk are the approximation coefficients. Similarly, F (t) can be approxi-
mated as

F (t) = F (τ) =
∑

k

Fkϕ(τ − k), k ∈ Z (3.46)
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and Fk are the approximation coefficients of F (τ). Substituting Equations 3.45,
3.46, and 3.43 into Equation 3.44, we get

1
Δt2

m
∑

k

ukϕ
′′(τ−k)+ 1

Δt
c
∑

k

ukϕ
′(τ−k)+k

∑

k

ukϕ(τ−k) =
∑

k

Fkϕ(τ−k)
(3.47)

Multiplying both sides of Equation 3.48 by ϕ(τ−j), where, j = 0, 1, 2, . . . , n−
1, and taking inner products, we get

1
Δt2

m
∑

k

uk

∫
ϕ′′(τ − k)ϕ(τ − j)dτ +

1
Δt

c
∑

k

uk

∫
ϕ′(τ − k)ϕ(τ − j)dτ

+k
∑

k

uk

∫
ϕ(τ − k)ϕ(τ − j)dτ =

∑

k

Fk

∫
ϕ(τ − k)ϕ(τ − j)dτ (3.48)

Using the orthogonal properties of the translates of scaling function given by
Equation 2.41, Equation 3.48 can be written as

1
Δt2

m

j+N−2∑

k=j−N+2

Ω2
j−kuk+

1
Δt

c

j+N−2∑

k=j−N+2

Ω1
j−kuk+kuj = Fj j = 0, 1, 2 . . . , n−1

(3.49)
where, N is the order of Daubechies wavelet as explained in Section 2.3.2 in
Chapter 2. Ω1

j−k and Ω2
j−k are the connection coefficients defined as

Ω1
j−k =

∫
ϕ′(τ − k)ϕ(τ − j)dτ (3.50)

Ω2
j−k =

∫
ϕ′′(τ − k)ϕ(τ − j)dτ (3.51)

For Daubechies compactly supported wavelets, Ω1
j−k and Ω2

j−k are non-zero
only in the interval k = j − N + 2 to k = j + N − 2. The details for
evaluation of connection coefficients for different orders of derivative are given
by Beylkin [8]. Here, a MATLAB function (MATLAB Program 3.1) which can
be used to derive the connection coefficients for Daubechies scaling functions is
present. The function uses an iterative algorithm to derive these parameters.

While dealing with finite length data sequence, problems arise at the bound-
aries. It can be observed from the Equation 3.49 that certain coefficients uj

near the vicinity of the boundaries (j = 0 and j = n− 1) lie outside the time
window given by [0 tf ] and defined by j = 0, 1, 2 . . . , n−1. Several approaches
like capacitance matrix methods [79, 80], and penalty function methods for
treating boundaries are reported in the literature. For the present problem,
first a circular convolution method is adopted assuming periodicity of solution
and can be applicable for periodic loading. The solution obtained using this
boundary treatment is exactly similar to those obtained using DFT to solve
the problem and, thus, cannot simulate the time domain response. It how-
ever can be used to obtain the frequency domain response and those details
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________________________________________________
MATLAB program 3.1
________________________________________________
function [K_omega]=ccoeff(L,n)
% K_omega: Vector containing CC
% L: Order of Daubechies wavelet; n: order of CC (derivative)
% Autocorrelation Coefficients a_2k-1;
M=L/2; a=zeros(1,L-1);
C_M=(factorial(2*M-1)/(factorial(M-1)*(4^(M-1))))^2;
for i=1:2:L-1
m=(i+1)/2;
a(i)=((-1)^(m-1))*C_M/(factorial(M-m)*factorial(M+m-1)*i);
end
% CONNECTION COEFFICIENTS
A1=zeros(L-1,L-1); for l=0:L-2

if 2*l<=L-2
i=2*l; A1(l+1,i+1)=2^n;

end
for k=1:L/2

i1=2*l-2*k+1;
if i1<=L-2 & i1>=0

i=i1;
A1(l+1,i+1)=A1(l+1,i+1)+(2^(n-1))*a(2*k-1);

elseif i1>=-L+2 & i1<0
i=-i1;
A1(l+1,i+1)=A1(l+1,i+1)+((-1)^n)*(2^(n-1))*a(2*k-1);

end
i2=(2*l+2*k-1);
if i2<=L-2 & i2>=0

i=i2;
A1(l+1,i+1)=A1(l+1,i+1)+(2^(n-1))*a(2*k-1);

elseif i2>=-L+2 & i2<0
i=-i2;
A1(l+1,i+1)=A1(l+1,i+1)+((-1)^n)*(2^(n-1))*a(2*k-1);

end
end
end
for g=1:L-1

A1(g,g)=A1(g,g)-1;
end
ZT=null(A1);
NM=0; % for normalization
for i=2:L-1

NM=NM+((i-1)^n)*ZT(i);
end
K_omega=((-1)^n)*ZT*factorial(n)/(2*NM);
return
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have been explained in Chapter 6. The second method is a wavelet-based
extrapolation scheme proposed by Amaratunga and Williams [1, 2, 101] and
is implemented for solution of the boundary value problem. The method is
particularly suitable for approximation in time for the ease of imposition of
initial conditions. The details of the formulation is given in the following
Subsection.

After treating the boundary for analysis of the finite system, Equation 3.49
can be written as a matrix algebraic equation and can be solved following
conventional techniques.

In the following Subsection, as mentioned earlier, the treatment of bound-
aries for finite domain analysis is presented. Equation 3.49 gives n coupled
algebraic equations, which are to be solved for uj using a method described
later. For numerical implementation, we can deal with only finite sequence.
In other words, u(t) and hence uj are only known in the interval [0 tf ] and
j = 0 to j = n− 1. In Equation 3.49, some equations corresponding to j = 0
to j = N − 2 contain coefficients uj that lie outside [0 tf ]. Similarly on the
other boundary, for j = (n − 1) −N + 2 to j = n − 1, same problem exists.
In this subsection, the details of the approach adopted to solve this boundary
value problem are provided.

3.5.1 Non-periodic boundary condition

As said before, here the boundaries are treated using wavelet extrapolation
method of Daubechies compactly supported wavelets as proposed by Ama-
ratunga and Williams [101, 1, 2]. In this method a polynomial of order p− 1,
p generally taken as N/2, is assumed to extrapolate the values at the bound-
aries. Since in the present method, the wavelets are used in time, the unknown
coefficients on the LHS (i.e., u−1, u−2, . . . , u−N+2) are extrapolated from the
initial values. The coefficients on the RHS are extrapolated from the known
coefficients u(n−1)−p+1, u(n−1)−p+2, . . . , un−1.

Assuming polynomial representation of order p− 1 for u in the vicinity of
t = 0 and using Equation 3.45, we get

u(τ) =
∑

k

ukϕ(τ − k) =
p−1∑

l=0

clτ
l (3.52)

where cl are constant coefficients. Taking inner product on both sides of
Equation 3.52, we get

uj =
p−1∑

l=0

clμ
l
j j = −1,−2, . . . ,−N + 2 (3.53)

where μl
j are the moments of the scaling function defined as

μl
j =
∫ ∞

−∞
τ lϕ(τ − j)dτ (3.54)
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and are derived by solving a recursive equation [46]. Solution of Equation 3.52
to obtain cl requires p−1 initial values of u(τ) at τ = 0, 1, . . . , p−1 and these
may be obtained using schemes like finite difference. Next, the values of cl
obtained in terms of the initial values are substituted back into Equation 3.53.
Thus, the unknown coefficients uj, j = −1,−2, . . . ,−N + 2 are obtained as

⎡

⎢⎢
⎢
⎣

u−1

u−2

...
u−N+2

⎤

⎥⎥
⎥
⎦

=

⎡

⎢⎢
⎢
⎣

μ0−1 μ1−1 . . . μp−1
−1

μ0
−2 μ1

−2 . . . μp−1
−2

...
... . . .

...
μ0
−N+2 μ

1
−N+2 . . . μ

p−1
−N+2

⎤

⎥⎥
⎥
⎦

⎡

⎢⎢
⎢
⎣

c0
c1
...

cp−1

⎤

⎥⎥
⎥
⎦

(3.55)

The unknown coefficients at the RHS boundary are evaluated assuming the
same polynomial representation and

uj =
p−1∑

l=0

clμ
l
j−n j = (n− 1)− p+ 1, (n− 1)− p+ 2, . . . , n− 1 (3.56)

Equation 3.56 can be written in matrix form as

⎡

⎢
⎢
⎢
⎣

μ0
−p μ1

−p . . . μp−1
−p

μ0
−p+1 μ

1
−p+1 . . . μ

p−1
−p+1

...
... . . .

...
μ0
−1 μ1

−1 . . . μp−1
−1

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎣

c0
c1
...

cp−1

⎤

⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎣

u(n−1)−p+1

u(n−1)−p+2

...
u(n−1)

⎤

⎥
⎥
⎥
⎦

(3.57)

The cl obtained are then substituted into Equation 3.56 for j = n, n +
1, . . . , n+N − 2 to derive u(n−1)−p+1, u(n−1)−p+2, . . . , un−1 as

⎡

⎢⎢
⎢
⎣

un

un+1

...
un−1+N−2

⎤

⎥⎥
⎥
⎦

=

⎡

⎢⎢
⎢
⎣

μ0
0 μ1

0 . . . μp−1
0

μ0
1 μ1

1 . . . μp−1
1

...
... . . .

...
μ0
−N+2 μ

1
−N+2 . . . μ

p−1
−N+2

⎤

⎥⎥
⎥
⎦

⎡

⎢⎢
⎢
⎣

c0
c1
...

cp−1

⎤

⎥⎥
⎥
⎦

(3.58)

Finally, these coefficients are substituted in Equation 3.49 and the system of
coupled equations can be written in a matrix form as

(mΓ2 + cΓ1 + kI){uj} = {Fj} (3.59)

It should be noted that the connection coefficient matrices Γ1 and Γ2 are
independent of the problem and depend only on order of the Daubechies
wavelet used, i.e., N .

It can be seen from the above derivation that the wavelet coefficients of the
first and second order derivative can be obtained as

{u̇j} = Γ1{uj} (3.60)
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{üj} = Γ2{uj} (3.61)

The second derivative can also be written as

{üj} = Γ1{u̇j} (3.62)

Substituting Equation 3.60 in Equation 3.62 we get

{üj} = [Γ1]2{uj} (3.63)

Thus though the second order connection coefficient matrices Γ2 can be eval-
uated independently [8], they can also be written as

Γ2 = [Γ1]
2

(3.64)

Substituting Equation 3.64 into Equation 3.59, we get

(mΓ12
+ cΓ1 + kI){uj} = {Fj} (3.65)

Equation 3.65 can be solved to obtain {uj} using one of the conventional ma-
trix solution techniques like Gauss elimination, LU factorization, and others.

Figure 3.10 presents and compares the response of a spring-mass-damper
system to periodic square simulated using the wavelet method and Runge-
Kutta 45 ODE solver. For the latter method, Matlab function ode45 has
been used. The SDOF system considered has a natural frequency of 4.0 Hz
and damping ratio 0.02 with unit mass. The applied load is shown in the
inset of Figure 3.10 and has a period of 0.01 s. The time sampling rate
considered for both the simulations is 0.5 ms. As it can be seen from the
plots, the responses are exactly similar. It should be mentioned here that
such time domain responses cannot be obtained using other commonly used
integral transforms like Fourier and Laplace transforms. In addition, wavelet
method applied for the SDOF problem is computationally as efficient as the
other direct time integration scheme. One advantage of the wavelet method
is that it can be used for inverse problems of force reconstruction from the
measured response. The wavelet method also directly gives the frequency
domain information which are essential in several dynamic problems. This
advantage of the method is however not prominent for the present case of
SDOF considered and will be explained for the examples of MDOF systems
and wave propagation in continuous waveguides later. Next, responses of the
above system to a unit pulse loading are presented in Figure 3.11. All the other
parameters are kept the same except the time sampling rate which is 2.0 ms
now. The pulse has a width of 50 ms and is shown as inset in Figure 3.11.
This form of loading is used to exhibit the efficiency of the wavelet method in
handling non-periodic, transient loading conditions.
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FIGURE 3.10: Response of a spring-mass-damper system to periodic
square loading (inset)
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FIGURE 3.11: Response of a spring-mass-damper system to transient
pulse loading (inset)
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FIGURE 3.12: (a) A two-DOF spring-mass system; (b) free body diagrams

3.6 Free vibration of multi-degree of freedom system

The essential difference between the free vibration responses of an SDOF
and an MDOF is that for the latter case, the vibration is a linear combination
of several normal modes of vibration. The number of such normal modes is
equal to the number of degrees of freedom in the MDOF system. Each of
this normal mode of vibration is governed by a natural frequency and a mode
shape. The concept of mode shape comes from the property of normal mode,
where the deformation shape of the system undergoing the vibration remains
unchanged with time. This can be explained in other words as the ratio of
displacement of the degrees of freedom remains constant for normal mode
of vibration. This Section provides a brief overview of free vibration of an
MDOF system.

Considering a spring-mass system with two-DOF as shown in Figure 3.12,
the equation of motion can be written as

m1ü1 + k1u1 − k2(u2 − u1) = 0 (3.66)
m2ü2 + k2(u2 − u1) = 0 (3.67)

Equations 3.66 and 3.67 can be written in matrix form as
[
m1 0
0 m2

]{
ü1

ü2

}
+
[

(k1 + k2) −k2

−k2 k2

]{
u1

u2

}
= 0 (3.68)

Assuming the solution of Equation 3.68 for u1(t) and u2(t) as A1 cos(ωt− ϕ)
and A2 cos(ωt−ϕ), and substituting it back into Equation 3.68, we can solve
for ω, A1, A2. It should be noted that the above assumption satisfies the
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condition for normal mode of vibration as the ratio of u1(t) and u2(t) will
remain unchanged with time. Next, substituting the assumed solutions into
Equation 3.68, we get

−ω2

[
m1 0
0 m2

]{
A1

A2

}
+
[

(k1 + k2) −k2

−k2 k2

]{
A1

A2

}
= 0 (3.69)

For non-trivial solution of Equation 3.69, the following condition needs to be
satisfied,

det(
[

(k1 + k2) −k2

−k2 k2

]
− ω2

[
m1 0
0 m2

]
) = 0

det(
[

(k1 + k2)− ω2m1 −k2

−k2 k2 − ω2m2

]
) = 0 (3.70)

Solution of Equation 3.70 gives two values ω2 and thus two natural frequencies.
Again, for each ω, A1 and A2 can be obtained such that the ratio A1/A2 is
unique, though A1 and A2 are otherwise non-unique. This {A1 A2}T obtained
for each ω is the mode shape. In general, the non-uniqueness of the mode
shapes is handled through normalization. Several normalization methods are
used, for example, the first element of the mode shape vector is taken as unity
and the other elements are modified accordingly to keep their ratio unchanged.

Though the method of obtaining natural frequencies and mode shapes has
been explained using the example of a two-DOF system, the method can be
directly extended for an arbitrary MDOF system. Let ω1, ω2, . . . , ωs, . . . , ωn

be the natural frequencies and r1, r2, . . . , rs, . . . , rn be mode shapes of an
MDOF with n dofs. Here,

r1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

r11
r21
...
rs1
...
rn1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

, rs =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

r1s

r2s

...
rss

...
rns

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

, rn =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

r1n

r2n

...
rsn

...
rnn

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.71)

As mentioned earlier, the free vibration of the MDOF being the linear com-
bination of the normal modes of vibration, it can be written as

{u} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1

u2

...
us

...
un

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

= C1r
1 cos(ω1t− ϕ1) + C2r

2 cos(ω2t− ϕ2) + . . .

+Csr
s cos(ωst− ϕs) + . . .+ Cnr

n cos(ωnt− ϕn) (3.72)
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where the constants C1, C2, . . . , Cs, . . . , Cn and the phase angles ϕ1, ϕ2, . . .,
ϕs, . . . , ϕn are obtained from initial conditions.

For all linear MDOF systems, the mass, [M ], and stiffness, [K], matrices are
symmetric and positive definite (positive semi-definite for system with rigid
body modes). These properties of the matrices result in orthogonality of the
mode shapes w.r.t. mass and stiffness matrices. This orthogonality can be
expressed as

{rl}T [M ]{rs} = 0 {rl}T [K]{rs} = 0 ∀ l �= s (3.73)

For mass normalized mode shapes, i.e.,

{rs}T [M ]{rs} = 1.0 s = 1, 2, . . . , n (3.74)

Equations 3.73 can be rewritten as

[φ]T [M ][φ] = I and [φ]T [K][φ] =

⎡

⎢
⎢
⎣

. . .
ω2

s

. . .

⎤

⎥
⎥
⎦ (3.75)

where [φ] is the modal matrix and is of the form

[φ] =

⎡

⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

r11 r12 . . . r1s . . . r1n

r21 r22 . . . r2s . . . r2n

...
... . . .

... . . .
...

rs1 rs2 . . . rss . . . rsn

...
... . . .

... . . .
...

rn1 rn2 . . . rns . . . rnn

⎤

⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

= [r1 r2 . . . rs . . . rn]

3.7 Modal analysis for forced vibration response of MDOF

Modal analysis is perhaps the most common analytical method used to
obtain the response of an MDOF system. For a generalized undamped MDOF
with n dofs, the EOM can be written as

[M ]{ü}+ [K]{u} = {F} (3.76)

where [M ] and [K] are the n × n mass and stiffness matrices. {u} and {F}
are vectors of length n containing the displacements and the applied forces.
The underlying concept of modal analysis is to obtain a linear transformation
matrix [Q] as

{u} = [Q]{q} (3.77)
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Substituting, Equation 3.77 into Equation 3.76 and pre-multiplying both sides
with [Q]T to maintain symmetry, we get

[Q]T [M ][Q]{q̈}+ [Q]T [K][Q]{q} = [Q]T {F} (3.78)

Equation 3.78 will be solved for {q} and {u} using the inverse of Equation 3.77.
The best [Q] would be the one that will result in [Q]T [M ][Q] and [Q]T [K][Q]
to be diagonal. This will reduce the problem of solving a n × n coupled
matrix equation given by Equation 3.76 to a problem of solving n decoupled
equations.

Let the displacements {u} be written as

{u} = r1η1(t) + r2η2(t) + . . .+ rsηs(t) + . . .+ rnηn(t) (3.79)

= [φ]

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

η1(t)
η2(t)

...
ηs(t)

...
ηn(t)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

= [φ]{η} (3.80)

where {η} is often referred to as a generalized coordinate. Substituting Equa-
tion 3.80 into Equation 3.78 and pre-multiplying both sides with [φ]T , we
get

[φ]T [M ][φ]{η̈}+ [φ]T [K][φ]{η} = [φ]T {F} (3.81)

Using Equation 3.76 for mass normalized mode shapes/modal matrix, Equa-
tion 3.81 reduces to

η̈s + ω2
sηs = Ns s = 1, 2, . . . , n (3.82)

where Ns is the sth element of the transformed force vector {N} = [φ]T {F}.
Equation 3.82 resembles the EOM for a SDOF with a frequency ωs. Thus,
Equation 3.82 can be solved applying the techniques adopted for SDOF and
explained in the previous Sections. For example, for arbitrary loading, a con-
volution integral can be implemented. Once the solutions for all the elements
of {η} are obtained, {u} can be derived using Equation 3.80. Similarly, the
initial conditions given for {u} can be converted to those for {η} using the
inverse of Equation 3.80.

The EOM of MDOF with damping is of the following form,

[M ]{ü}+ [C]{u̇}+ [K]{u} = {F} (3.83)

Substituting Equation 3.80 into Equation 3.83 and pre-multiplying both sides
with [φ]T we get

[φ]T [M ][φ]{η̈}+ [φ]T [C][φ]{η̇}+ [φ]T [K][φ]{η} = [φ]T {F} (3.84)
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The transformed damping matrix [φ]T [C][φ] may not be diagonal and for such
cases, the purpose of modal analysis to decouple the EOM is not met. For
several cases, however, the damping matrix is given as

[C] = α[M ] + β[K] (3.85)

The form of damping given by Equation 3.85 is referred to as proportional
damping with α and β being constants. The other form of representing damp-
ing is also by providing the damping ratio ξs for the sth mode. The matrix
[φ]T [C][φ] for this case can be directly written as a diagonal matrix with the
sth diagonal term being 2ξsωs.

3.8 Response of MDOF system using wavelet transform

The implementation of wavelet transform to obtain the response of an
MDOF is a direct extension of the method explained for SDOF in Section 3.5.
The governing equation for an MDOF with m dofs is given by Equation 3.83
with the vector {u} containing the displacements as mentioned earlier. Here,
each of these displacements are approximated in time using Daubechies scaling
function as given by Equation 3.45. Similarly, each element of the force vector
needs to approximated as in Equation 3.46. The EOM given by Equation 3.83
following these approximations can be written as

[M ][Γ2]{uj}+ [C][Γ1]{uj}+ [K]{uj} = {Fj} (3.86)
j = 0, 1, 2, . . . , n− 1

(3.87)

Representing displacement of the lth dof as ul, where, l = 1, 2, . . . ,m and
using Equation 3.65, {ül} can be written in terms of {ul}. In addition, the
matrix, [Γ1] can be written in the form,

[Γ1] = ΦΠΦ−1 (3.88)

where Φ is the eigenvector matrix of [Γ1] and Π is the diagonal matrix with
diagonal terms being the eigenvalues which are represented as −iλj. [Γ2] can
be written in similar form as

[Γ2] = ΦΠ2Φ−1 (3.89)

Thus, Equation 3.65 for this case can be written as

˜̈ulj = −λ2
j ũlj

˜̇ulj = −iλj ũlj (3.90)

where
ũlj = Φ−1ulj

˜̈ulj = Φ−1ülj
˜̇ulj = Φ−1u̇lj (3.91)
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Substituting Equations 3.90 and 3.91 in Equation 3.86, we get

−λ2
j [M ]{ũj} − iλj [C]{ũj}+ [K]{ũj} = {F̃j}

(−λ2
j [M ]− iλj [C] + [K]

) {ũj} = {F̃j} (3.92)
j = 0, 1, 2, . . . , n− 1

Equation 3.92 can be solved to obtain ulj , j = 0, 1, 2, . . . , n − 1 and l =
1, 2, . . . ,m. The time domain response can be obtained by performing inverse
transform. Similar to SDOF, the responses of an MDOF simulated using
the present wavelet-based method match exactly with the responses obtained
using a direct time integration scheme like Runge-Kutta 45.

Response of continuous systems can be obtained by modeling them using
FE and then performing the time integration using the present method. FE
model of the continuous system will result in a EOM similar to Equation 3.85
and can be solved using the same steps as used for the MDOF system. Con-
tinuous systems can also be solved in a different way using Daubechies scaling
function approximation in time and space, but adopting a wave like solution.
This is explained in later chapters on wavelet-based spectral finite element
formulation. The WSFE formulation though has been used to simulate wave
response of the continuous system under high frequency loading; such a model
can also be used to derive the free and forced vibration responses of the con-
tinuous system.
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Chapter 4

Wave Propagation: Spectral
Analysis

In the earlier chapters, wavelet transform was used to study vibration prob-
lems. In the next part of the book, starting with this chapter, wavelet trans-
form will be used to solve wave propagation problems. Before going into
the details of wavelet-based solution procedure in the following chapters, this
chapter gives an introduction to wave propagation, particularly spectral anal-
ysis of wave propagation. Such spectral analysis helps to study the frequency
dependent wave characteristics and finally formulation of Spectral Finite Ele-
ment (SFE) method. Here, the concepts of Fourier transform, mostly discrete
Fourier transform (DFT) as explained in Chapter 2, are widely used. Solu-
tion of the problem in transformed wavelet domain being closely related to
spectral analysis of wave propagation, this chapter is essential to comprehend
the wavelet-based methodology explained later.

4.1 Spectrum and dispersion relations

Here, two important frequency dependent wave characteristics, namely,
spectrum and dispersion relations, are obtained for a generalized system us-
ing DFT. These relations are the frequency variation of the wave parameters
termed as wavenumbers and wave speeds respectively. These parameters are
essential to understand the wave mechanics in a given waveguide and are also
required for SFE formulation at a later stage. These parameters provide in-
formation like whether the wave mode is a propagating mode or a damping
mode or a combination of these two (propagation as well as wave amplitude
attenuation). Next, for a propagating mode, the nature of frequency varia-
tion of wavenumbers gives information whether the mode is non-dispersive,
i.e., the wave retains its shape as it propagates or dispersive where the shape
changes with propagation. In this section, these parameters are explained
using the example of a generalized one-dimensional second- and fourth-order
system.

The spectral analysis starts with the partial differential equation governing
the waveguide. Considering a generalized second-order partial differential
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given by

a
∂u

∂x2
+ b

∂u

∂x
= c

∂2u

∂t2
(4.1)

where a, b, and c are known constants depending on the material properties
and geometry of the waveguide. u(x, t) is the field variable to be solved for
with x being the spatial dimension and t the temporal dimension. First,
u(x, t) is transformed to frequency domain using DFT as

u(x, t) =
N−1∑

n

ûn(x, ωn)eiωnt (4.2)

where ωn is the discrete circular frequency in rad/sec and N is the total
number of frequency points used in the transformation. ωn is related to the
time window by

ωn = nΔω =
nωf

N
=

n

NΔt
=
n

T

where Δt is the time sampling rate and ωf is the highest frequency captured
by Δt. The frequency content of the load decides N and consideration of the
wrap around and aliasing problem decides Δω. More details and associated
problems are given in Reference [28]. Here, ûn is the nth DFT coefficient and
can also be referred to as the coefficient at frequency ωn. ûn varies only with
x. Substituting Equation 4.2 into Equation 4.1, we get

a
d2ûn

dx2
+ b

dûn

dx
+ cω2

nûn = 0 n = 0, 1, . . . , N − 1 (4.3)

Thus, through DFT the governing PDE given by Equation 4.1 is reduced to
N ODE varying only in x. Equations 4.3 being constant coefficient ODEs
have a solution of the form ûn = Ane

iknx, where An are the unknown con-
stants which will be later derived from the boundary values and kn is called
the wavenumbers corresponding to the frequency ωn. Substituting the above
solution into Equations 4.3, we get the following characteristic equation to
determine kn, (

k2
n − i

b

a
kn + ω2

n

c

a

)
An = 0 (4.4)

The subscript n is dropped hereafter for simplified notations. The above
equation is quadratic in k and has two roots corresponding to the incident
and reflected waves. If the wavenumbers are real, then the wave is called
propagating mode. On the other hand, if the wavenumbers are complex, then
the wave damps out as it propagates and hence is called evanescent mode. The
set of the wavenumbers obtained by solving the characteristic Equation 4.4 is
given as

k1,2 = i
b

2a
±
√

− b2

4a2
+
cω2

a
(4.5)
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Equation 4.5 is the generalized expression for the determination of the wavenum-
bers. Different wave behaviors are possible depending upon the values of the
radical

√
cω2/a− b2/4a2. As an example, for a case with b = 0, the wavenum-

bers are given as
k1,2 = ±ω c

a
(4.6)

For such a case, the wavenumbers are real and hence the corresponding waves
are propagating.

Next, two other important wave parameters, namely, phase speed Cp and
group speed Cg, are introduced and briefly explained. They are defined as

Cp = real
(ω
k

)
Cg = real

(
dω

dk

)
(4.7)

Let us consider the previous example where wavenumbers vary linearly with
frequency as given by Equation 4.6. Correspondingly, the wave speeds ob-
tained using Equation 4.7 are as follows

Cp = Cg =
a

c
(4.8)

We find that both group and phase speeds are constant and equal. Hence,
when wavenumbers vary linearly with frequency ω, the wave retains its shape
as it propagates. Such waves are called non-dispersive waves. When wavenum-
bers have a non-linear variation with frequency, the phase and group speeds
will not be constant but a function of frequency. As a result, each frequency
component will travel with different speeds and the wave shape will not be
preserved with wave propagation. Such waves are called dispersive waves.

Next, let us again consider the expression for wavenumber given by Equa-
tion 4.5 with all the constants being non-zero. This may result in a non-
zero value of the radical giving complex or purely imaginary wavenumbers.
Wavenumbers having significant real and imaginary parts imply that the cor-
responding wave will attenuate while it propagates. Here, the phase and wave
speeds are given as

Cp = real

(
ω

√
cω2/a− b2/4a2

)

Cg = real

(
a
√
cω2/a− b2/4a2

cω

)

(4.9)

Thus, it can be seen that these wave speeds Cp and Cg are not the same and
hence the waves are dispersive in nature. There can also be a case where the
wavenumbers are purely imaginary indicating that the waves will not propa-
gate. Such a wave mode is a damping mode. The value of the radical however
depends on frequency and there can be a frequency after which the wavenum-
bers transit from being purely imaginary to complex or real wavenumbers
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resulting in propagation of the wave mode. This transition frequency is called
the cut-off frequency ωc and can be derived by equating the radical to zero.
The expression for the cut-off frequency for this second-order system is given
as

ωc =
b

2
√
ac

(4.10)

Once the wavenumbers are determined the solution of the transformed ODEs
given by Equation 4.3 can be written as

û(x, ω) = A1e
−ik1x +A2e

−ik2x (4.11)

The unknown constants A1 and A2 can be evaluated in terms of the physical
boundary conditions of the one-dimensional waveguide. This can be done
in a formal manner using the spectral finite element technique which will be
explained in details later. For b = 0 the above equation is of the form,

û(x, ω) = A1e
−ikx +A2e

ikx k = ω

√
c

a
(4.12)

where A1 represent the incident wave coefficient while A2 stands for the re-
flected wave coefficient.

Next, let us consider a fourth order system and study its wave behavior.
Consider the following governing PDE

a
∂4w

∂x4
+ bw + c

∂2w

∂t2
= 0 (4.13)

where w(x, t) is the field variable and a, b, c are arbitrary known constants
depending on the material and geometric properties of the waveguide as in
the case of the second-order system. The above equation is similar to the
equation of motion of a Euler-Bernoulli beam on elastic foundation. The
DFT of w(x, t) can be written in a similar form as Equation 4.2,

w(x, t) =
N−1∑

0

ŵn(x, ωn)eiωnt (4.14)

Substituting Equation 4.14 into the governing PDE given by Equation 4.13
we get the reduced ODEs as

a
d4ŵn

dx4
− (cω2

n − b)ŵn = 0 n = 0, 1, . . . , N − 1 (4.15)

The above ODEs have constant coefficients and hence the solution will be
of the form ŵn = Ane

iknx. Substituting this solution into Equation 4.15 we
get the characteristic equation for solution of the wavenumbers. Again the
subscript n is dropped hereafter for simplified notations and all the following
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equations have to be derived for n varying from 0 to N−1. The characteristic
equation is of the form

k4 −
(
c

a
ω2 − b

a

)
= 0 (4.16)

This is a fourth order equation and will give two sets of wavenumbers. The
type of wave is dependent upon the numerical value of cω2

a − b
a . For cω2

a > b
a ,

the solution of Equation 4.16 will give the following wavenumbers,

k1,2 = ±β k3,4 = ±iβ (4.17)

where β =
∣
∣
∣
(

c
aω

2 − b
a

) 1
4
∣
∣
∣. In the above equation k1 and k2 represent the prop-

agating wave modes while k3 and k4 are the damping or evanescent modes.
From the above equations, we find that the wavenumbers are non-linear func-
tions of the frequency and hence the corresponding waves are expected to be
highly dispersive in nature. Also, using the above expression we can find the
phase and group speeds for the propagating mode from Equation 4.7.

Next, consider the case when cω2

a < b
a . For such conditions, the wavenum-

bers are given by

k1,2 = ± 1√
2
(1 + i)β k3,4 = ± 1√

2
(−1 + i)β (4.18)

From the above equation, we see that the change of sign of
(

cω2

a − b
a

)
has

completely changed the wave behavior. Now, all the wavenumbers have both
real and imaginary parts. Hence all the wave modes are propagating as well
as attenuating. The initial evanescent mode also becomes a propagating mode
after the cut-off frequency ωc. The expression for the cut-off frequency ob-
tained by equating

(
cω2

a − b
a

)
to zero is

ωc =

√
b

c
(4.19)

Again, if b = 0, the cut-off frequency vanishes and the wave behavior is similar
to the first case, i.e., it will have propagating and damping modes. In all cases,
however, the waves will be highly dispersive in nature.

The solution of the fourth-order governing equation 4.15 can be written as

ŵ(x, ω) = A1e
−iβx +B1e

−βx +A2e
iβx +B2e

βx (4.20)

As in the previous case, A1, B1 are the incident wave coefficients and A2, B2

are the reflected wave coefficients. These unknown constants can be deter-
mined in terms of the physical boundary conditions of the beam.

From the above discussion, we see that the spectral analysis gives an in-
sight into the wave mechanics of a system defined by its governing differential
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equation. Though spectral analysis can be done similarly using wavelet trans-
form, it is not as straightforward as Fourier transform-based analysis. This is
because the wavelet basis functions are bounded both in time and frequency
unlike the basis for Fourier transform which is unbounded in time. This has
been explained in greater detail with examples in the other chapters.

4.2 Computations of wavenumbers and wave amplitudes

In the last section, the parameters, wavenumber and wave speed were ex-
plained with the examples of generalized second-order and fourth order partial
differential wave equations. The wavenumbers k were obtained as a function of
frequency ω by solving second and fourth order polynomial equations respec-
tively. The computation of wavenumbers is however not so straightforward
for structures with higher complexities. For one-dimensional structures such
cases arise when the governing equation is a set of coupled PDEs and a cou-
ple of such examples are Timoshenko beam and other higher order beams. In
a Timoshenko beam, the governing equations consist of two coupled PDEs
with transverse and shear displacements as the variables. Another common
example of structure having a set of coupled PDEs as governing equations
is a composite beam with asymmetric ply lay-up resulting in elastic cou-
pling. In addition to the different one-dimensional structures, computation of
wavenumbers for two-dimensional structures is also difficult primarily because
the wavenumbers here are a function of both frequency and wavenumber in
the other direction.

In order to handle such problems, generalized and computationally imple-
mentable methods have been proposed [36] to calculate the wavenumbers and
associated wave amplitude. The two different approaches to solve the problem
are based on singular value decomposition (SVD) and polynomial eigenvalue
problem (PEP) methods. The methods are described briefly in the following
Subsections using the example of a Timoshenko beam. Though the methods
are explained using the example of an isotropic Timoshenko beam, they can
be implemented for any arbitrary structure in a similar way.

The governing differential equations for Timoshenko beam are given as

GA

[
∂2v

∂x2
− ∂φ

∂x

]
= ρA

∂2v

∂t2
(4.21)

EI
∂2φ

∂x2
+GA

[
∂v

∂x
− φ
]

= ρI
∂2φ

∂t2
(4.22)

where v and φ are the transverse and shear, displacements respectively. E, G
are the Young’s modulus and shear modulus, ρ is the mass density. A and I are
the cross-sectional area and area moment of inertia. Similar to Equations 4.2
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and 4.14, the displacements v(x, t) and φ(x, t) are transformed to frequency
domain using DFT as follows,

v(x, t) =
N−1∑

n=0

v̂n(x, ωn)eiωnt and φ(x, t) =
N−1∑

n=0

φ̂n(x, ωn)eiωnt (4.23)

Substituting the above approximation into the Equations 4.21 and 4.22, and
dropping the subscript n for simplified notations, we get

GA

[
d2v̂

dx2
− dφ

dx

]
= −ω2ρAv̂ (4.24)

EI
d2φ̂

dx2
+GA

[
dv̂

dx
− φ̂
]

= −ω2ρIφ̂. (4.25)

Assuming the solution of the above equations as v̂ = Cve
ikx and φ̂ = Cφe

ikx

and substituting them into those equations we get the following polynomial
equations,

GA
[−k2Cv − ikCφ

]
= −ω2ρACv (4.26)

−k2EICφ +GA [ikCv − Cφ] = −ω2ρICφ (4.27)

As said before, the formal ways of solving the above equations to obtain the
wavenumbers k and Cv, Cφ are methods based on SVD and PEP as explained
in the two following Subsections.

4.2.1 SVD-based technique

In this method, Equations 4.26 and 4.27 can be written in the matrix form
W(k)C = 0, where

W(k) =
[−k2GA+ ω2ρA −ikGA

ikGA −k2EI −GA+ ω2ρI

]
and C =

{
Cv

Cφ

}
(4.28)

Here, it is noted that the ks are the latent roots of the above equation, which
satisfy the conditions det(W(k)) = 0 [44]. Further for each solution of k,
there is at least one non-trivial solution for C which is known as the latent
eigenvector.

To find the latent roots, the determinant is expanded in a polynomial of
k, p(k), and solved by the companion matrix method. In this method, the
companion matrix L(p), corresponding to p(k) is formed, which is defined as

L(p) =

⎡

⎢
⎢
⎢
⎢⎢
⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 · · · 0 1
−αm −αm−1 · · · −α2 −α1

⎤

⎥
⎥
⎥
⎥⎥
⎦

(4.29)
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where p(k) is given by

p(k) = km + α1k
m−1 + . . .+ αm (4.30)

One of the many important properties of the companion matrix is that the
characteristic polynomial of L(p) is p(k) itself [45]. For the Timoshenko beam,
the companion matrix L(p) derived from W(k) in Equation 4.28 is of the form

L(p) =

⎡

⎢
⎢
⎢
⎣

0 1 0 0
0 0 1 0
0 0 0 1

ω2 ρA
EI − ω4 ρA

GA
ρI
EI 0 ω2

(
ρI
EI + ρA

GA

)
0

⎤

⎥
⎥
⎥
⎦

(4.31)

The eigenvalues of L(p) are the roots of p(k), which are obtained using stan-
dard techniques.

Once the eigenvalues are obtained they are used to obtain the eigenvectors.
The eigenvectors are the elements of the null space of W(k) and the eigen-
values make this null space non-trivial by rendering W(k) singular. Hence,
computation of the eigenvectors is equivalent to computation of the null space
of a matrix. For this purpose, the SVD method is most effective. U, V, and
the diagonal matrix S as A = USVH, where the superscript H denotes Her-
mitian conjugate. S is the singular value matrix. For singular matrices, one
or more of the singular values will be zero and the required property of the
unitary matrix V is that the columns of V corresponding to zero singular val-
ues are the elements of the null space of A. Again several standard techniques
are available to perform SVD.

4.2.2 PEP-based technique

In this approach, equations similar to Equations 4.26 and 4.27 are written
as PEP in k as

A0k
m + A1k

m−1 + . . .+ Am = 0 (4.32)

where Ai, i = 0 to m are the p × p matrices, where p is the number of
independent variables in the governing equations. Thus, the PEP is of the
order p × m. For Timoshenko beam, p = 2 and m = 2. The PEP for
Equations 4.26 and 4.27 is given as

A0k
2 + A1k + A2 = 0 (4.33)

where

A0 =
[−GA 0

0 −EI
]

A1 =
[

0 −iGA
iGA 0

]
A2 =

[
ω2ρA 0

0 −GA+ ω2ρI

]

The wavenumbers k are obtained as eigenvalues of the PEP while the wave
amplitudes are the eigenvectors. The PEP yields p × m eigenvalues and
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m eigenvectors. If both A0 and Am are singular the problem is potentially
ill-posed. Theoretically the solution might not exist or might not be unique.
Computationally, the computed solution may be inaccurate. If one, but not
both A0 and Am is singular, the problem is well posed, but some of the eigen-
values may be zero or infinite and caution should be maintained in rejecting
those roots.

There are advantages and disadvantages of both the methods. In the first
method, the determinant of the wave matrix needs to be formed, which for
large p is difficult to obtain. In this case, resorting to the second method
is advantageous as it doesn’t require to obtain the long expression for αi in
Equation 4.30. In the second method, however, there is no control over the
eigenvalues, as we might be interested sometimes in separating the wavenum-
bers for different modes. In such cases, the first method is more suited.

4.3 Spectral finite element (SFE) method

The spectral finite element method in brief is a FE method in the frequency
domain. There are, however, some essential differences in implementation of
these methods. The main differences are highlighted in the following para-
graph.

FE formulation assumes a polynomial function for the displacement vari-
ation within the element. These assumed polynomials are forced to satisfy
the weak form of the governing differential equation, which yields the stiffness
and mass matrices. These elemental matrices are assembled to obtain the
global stiffness and mass matrices. The assembly process ensures equilibrium
of forces between the adjacent elements. Finally, the continuum is represented
by a discretized model governed by the matrix equation,

[M ]{ü}+ [K]{u} = {F (t)} (4.34)

where [M ] and [K] are the global mass and stiffness matrices. {ü} and {u}
are the acceleration and displacement vectors. Equation 4.34 represents the
FE model of an undamped structure and additional terms are introduced to
incorporate damping.

Equation 4.34 is an ODE in time. One of the conventional methods of
solving such equation, is the mode superposition method, which, however,
is computationally prohibitive for wave propagation analysis. The methods
that can be implemented are the time marching schemes [3] which can either
be the explicit or implicit methods. For the transient dynamic problem of
wave propagation the explicit methods are normally preferred. In the time
marching scheme, the solution process takes place over a small time step
Δt and is repeated for N time steps where NΔt is the total time window.
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The solution of the dynamic equation will give displacement, velocity, and
acceleration histories. The solution time being directly proportional to the
number of degrees of freedom, the computational time of such a scheme is
very high for wave propagation problems.

SFE method on the other hand uses in most cases the exact solution to the
wave equation as its interpolating function. For example, the interpolating
functions given by Equations 4.12 and 4.20 for the second and fourth-order
systems described in the previous section are exact solutions of the trans-
formed equations. In SFE, however, these exact interpolating functions are
complex exponential in place of polynomials used in FE. These exponential
interpolation functions give the dynamic stiffness matrices after imposition
of boundary conditions at the nodes. The dynamic stiffness matrix relates
the transformed nodal displacements with the transformed nodal forces anal-
ogous to the FE method. The basic steps involved in Fourier transform-based
SFE are as follows. First, the given forcing function is transformed to the
frequency domain using the forward FFT. For this, we need to choose the
time sampling rate and number of FFT points to decide on the analysis time
window. The length of the chosen time window should be more than that re-
quired to avoid the wrap around problem [28]. The FFT output will yield the
frequency, and the real and imaginary parts of the forcing function, which are
stored separately. Next, the elemental stiffness matrix is generated, assem-
bled, and solved over the frequency loop. The procedures of assembling and
solution of the dynamic stiffness matrix are exactly similar to that adopted
in the conventional FE method. The main difference is however that in SFE
these processes are carried at every frequency sampling point. This does not
pose a major computational hurdle since the problem sizes are many orders
smaller than conventional FE. The solution process is first performed for a
unit impulse, which directly yields the Frequency Response Function (FRF).
The FRF is then convolved with the load to get the required output in the
frequency domain. The output is then transformed to the time domain using
the inverse FFT.

As mentioned earlier, SFE method is especially tailored for solving wave
propagation problems and possesses several advantages over conventional FE
method in this respect. The primary advantage is computational efficiency.
In absence of discontinuity, a single SFE is sufficient to accurately model one-
or two-dimensional waveguides. This reduces the problem size by orders of
magnitude as compared to FE method. The SFE method however follows
the procedures of FE formulation and thus can model structures of higher
complexities in contrast to the other analytical or semi-analytical simulation
techniques. Next, SFE method allows simultaneous time and frequency do-
main analysis unlike FE method. For wave propagation problems, frequency
domain analysis is equally important as time domain analysis. Several impor-
tant wave characteristics can be extracted only from the frequency domain.
Finally, the transfer function relating the output (displacement, velocity, etc.)
to the input (force, stress, etc.) can be derived from the SFE formulation and
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thus can be used efficiently for solving inverse problems. There is much litera-
ture implementing SFE for the force identification problem [84, 27, 85, 29, 62].

Though SFE possess several properties in favor of their efficient use for
simulation of wave propagation in structural waveguides, the conventional
Fourier transform-based SFE has some serious limitations which restrict their
wider use. These limitations arise from the inability of FSFE to model finite
waveguides, both one-dimensional and two-dimensional. As explained earlier,
this was primarily because the basis function used in FFT has global support
from -∞ to∞. It is also due to induced periodicity both in time and frequency
domains. The Daubechies wavelet basis functions having localized support
was foreseen to have the capability to model finite dimension waveguides when
used as basis function for SFE formulation. This led to the development
of wavelet-based SFE (WSFE) [62, 63]. The WSFE method can accurately
simulate wave propagation in finite dimension waveguides while retaining all
the other advantages of SFE. The following chapters of this book explain in
detail the formulation of WSFE for one- and two-dimensional waveguides and
also application of the developed WSFE models for analysis of structures with
higher complexities like carbon nanotubes and their composites.

A considerable portion of the WSFE formulation is similar to that of the
FSFE formulation. Thus in the following two sections, the FSFE formulation
of an example of one-dimensional and two-dimensional waveguides is explained
in brief for the readers to get acquainted with some basic steps of SFE for-
mulations, which remain invariant of the nature of basis functions used, i.e.,
wavelet or Fourier transforms. Greater details of FSFE can be obtained in
the books dedicated to FSFE [28, 36]

4.4 FSFE formulation of Timoshenko beam

In this section, FSFE formulation for one-dimensional waveguides is briefly
illustrated using the example of Timoshenko beam. The governing differen-
tial equations for the beam are given by Equations 4.21 and 4.22. Following
Fourier transform in time as explained in the previous sections, the partial
differential wave equations are reduced into a set of ODEs given by Equa-
tions 4.24 and 4.25. These equations are solved exactly to obtain the ex-
act shape functions with unknown constants. These unknown constants are
solved in terms of boundary values and are used to formulate the elemental
dynamic stiffness matrix relating the transformed nodal displacements with
transformed nodal forces.

The degrees of freedom associated with the Timoshenko beam element for-
mulation are shown in Figure 4.1. The element has two degrees of freedom
per node, namely, v̂ and φ̂. Equations 4.24 and 4.25 need to be solved for v̂
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FIGURE 4.1: Timoshenko beam element with nodal displacements and
nodal forces

and φ̂, and the actual solutions w(x, t) and φ(x, t) are obtained using inverse
FFT. The exact shape functions obtained by solving Equations 4.24 and 4.25
are of the form {

ŵ(x)
φ̂(x)

}
= [R][Θ]{C} (4.35)

where [Θ] is a diagonal matrix with diagonal terms [e−ik1x, e−ik1(L−x), e−ik2x,
e−ik2(L−x)]. [R] is the 2 × 4 amplitude ratio matrix obtained by solving
the PEP of Equation 4.33, in addition to the wavenumbers ±k1 and ±k2.
[R] is the eigenvector matrix while the wavenumbers ±k1 and ±k2 are the
eigenvalues of the above mentioned PEP. The [R] has the following form,

[R] =
[
R11 R12 R13 R14

R21 R22 R23 R24

]
(4.36)

Here, {C} = {C1 C2 C3 C4} are the unknown constants. Hence, the expression
of each transformed displacement can be written as

ŵ(x) = C1R11e
−ik1x + C2R12e

−ik1(L−x)

+C3R13e
−ik2x + C4R14e

−ik2(L−x) (4.37)

φ̂(x) = C1R21e
−ik1x + C2R22e

−ik1(L−x)

+C3R23e
−ik2x + C4R24e

−ik2(L−x) (4.38)

The above equations are the expanded form of the matrix Equation 4.35.
Imposing the boundary conditions at the two nodes as shown in Figure 4.1,
the unknown constants {C} can be obtained in terms of the transformed
nodal displacements and forces. The transformed nodal displacements are
represented by {ûe}, where {ûe}={ŵ1 φ̂1 ŵ2 φ̂2} and v̂1 ≡ ŵ(0), φ̂1 ≡ φ̂(0),
v̂2 ≡ ŵ(L), φ̂2 ≡ φ̂(L). Substituting these into Equations 4.37 and 4.38 and
writing them in a matrix form, we get

{
ŵ1

φ̂1

}
= [R][Θ1]{C} = [T11]{C}

{
ŵ2

φ̂2

}
= [R][Θ2]{C} = [T12]{C}
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{ûe} =

⎧
⎪⎪⎨

⎪⎪⎩

ŵ1

φ̂1

ŵ2

φ̂2

⎫
⎪⎪⎬

⎪⎪⎭
=
[
T11

T12

]
{C} = [T1]{C} (4.39)

where [Θ1] and [Θ2] are obtained by substituting x = 0 and x = L in the
matrix [Θ]. Next, the force boundary conditions need to be enforced to obtain
the unknown constants {C} in terms of the transformed nodal forces. To
obtain this relation the following steps are followed. The force boundary
conditions associated with the governing differential equation of a Timoshenko
beam are given as

GA

[
∂w

∂x
− φ
]

= V (4.40)

EI
∂φ

∂x
= M (4.41)

where V (x, t) and M(x, t) are the shear force and moment. Transforming
Equations 4.40 and 4.41 through FFT on both sides, similar to the governing
differential equations, we get a set of reduced ODEs as

GA

[
dŵ

dx
− φ̂
]

= V̂ (4.42)

EI
dφ̂

dx
= M̂ (4.43)

where V̂ (x) and M̂(x) are the transformed shear force and moment. Sub-
stituting Equations 4.37 and 4.38 into Equations 4.42 and 4.43, we get the
expression of V̂ (x) and M̂(x) as

V̂ (x) = C1(−ik1R11 −R21)e−ik1x + C2(ik1R12 −R22)e−ik1(L−x) +
C3(−ik2R13 −R23)e−ik2x + C4(ik2R14 −R24)e−ik2(L−x) (4.44)

M̂(x) = C1(−ik1R21)e−ik1x + C2(ik1R22)e−ik1(L−x) +
C3(−ik2R23)e−ik2x + C4(ik1R24)e−ik2(L−x) (4.45)

Equations 4.44 and 4.45 can be written in a matrix form as
{
V̂ (x)
M̂(x)

}

= [R′][Θ]{C} (4.46)

where [R′] has the following form,

[R′] =
[

(−ik1R11 −R21) (ik1R12 −R22) (−ik2R13 −R23) (ik2R14 −R24)
−ik1R21 ik1R22 −ik2R23 ik2R24

]

(4.47)
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Let the transformed nodal forces be represented by {F̂e}, where {F̂e} =
{V̂1 M̂1 V̂2 M̂2} and V̂1 ≡ V̂ (0), M̂1 ≡ M̂(0), V̂2 ≡ V̂ (L), and M̂2 ≡ M̂(L).
Substituting these boundary conditions into Equations 4.44 and 4.45 and writ-
ing them in matrix form, we get

{
V̂1

M̂1

}

= [R′][Θ1]{C} = [T21]{C}
{
V̂2

M̂2

}

= [R′][Θ2]{C} = [T22]{C}

{F̂e} =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

V̂1

M̂1

V̂2

M̂2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=
[
T21

T22

]
{C} = [T2]{C} (4.48)

Combining Equations 4.39 and 4.48, we can relate the transformed nodal
displacements with transformed nodal forces as

{F̂e} = [T2][T1]−1{ûe} = [K̂e]{ûe} (4.49)

where [K̂e] is the elemental dynamic stiffness matrix. The elemental stiffness
matrix can be then either solved to obtain {ûe} for given forcing and boundary
conditions similar to conventional FE. In addition, the elemental matrix can
be assembled to obtain the global dynamic stiffness matrix. The process of
assembly is also exactly similar to that in conventional FE.

Once the transformed nodal displacements {ûe} are known from Equa-
tion 4.49, they can be substituted into Equation 4.39 to derive the values of
{C}. Next, these values of {C} can be used in Equation 4.35 to obtain the
displacement at any arbitrary spatial position x.

4.5 FSFE formulation of isotropic plate under in-plane
loading

In this section, similar to the previous section, FSFE formulation for a two-
dimensional waveguide is explained through the example of an isotropic plate
experiencing in-plane deformation only. The governing differential equations
for such structure are given as

(λ+ 2μ)
∂2u

∂x2
+ (λ+ μ)

∂2v

∂x∂y
+ μ

∂2u

∂y2
= ρü (4.50)

ν
∂2v

∂x2
+ (λ+ μ)

∂2u

∂x∂y
+ (λ + 2μ)

∂2v

∂y2
= ρv̈ (4.51)
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Here, u(x, y, t) and v(x, y, t) are the displacements in X and Y directions.
λ and μ are elastic constants conventionally defined as λ = νE

(1+ν)(1−2ν) and
μ = E

2(1+ν) The solution of these displacement fields are assumed to be of the
form [36]

u(x, y, t) =
N−1∑

n=0

M−1∑

m=0

û(x, ξm, ωn)eiξmyeiωnt (4.52)

v(x, y, t) =
N−1∑

n=0

M−1∑

m=0

v̂(x, ξm, ωn)eiξmyeiωnt (4.53)

where ξm is the discrete lateral wavenumbers. The discrete values of ξm
depend on the Y window length and number of lateral mode shapes (M)
chosen.

Substituting Equations 4.52 and 4.53 in the governing equations 4.50 and
4.51, we get a set of N ×M ODEs as follows,

(λ+ 2μ)
d2û

dx2
+ iξm

dv̂

dx
− ξ2mμû = −ω2

nρû (4.54)

ν
d2v̂

dx2
+ iξm(λ+ ν)

dû

dx
− ξ2m(λ+ 2μ)v̂ = −ω2

nρv̂ (4.55)

The above equations need to be solved for û and v̂. The procedure is simi-
lar to that followed for FSFE formulation of Timoshenko beam explained in
Sections 4.2 and 4.4. Assuming the solution of Equations 4.54 and 4.55 as
û = Cue

ikx and v̂ = Cve
ikx and substituting them in the equations gives

−k2(λ+ 2μ)Cu − kξm(λ+ μ)Cv − ξ2mμCu = −ω2
nρCu (4.56)

−k2νCv − kξm(λ + μ)Cu − ξ2mCv = −ω2
nρCv (4.57)

The subscripts n and m are dropped hereafter for simplified notations; how-
ever, all the following equations hold for n = 0 to N − 1 and m = 0 to M − 1.
The above equations can be solved to obtain two sets of conjugate wavenum-
bers k and 2×4 wave amplitude ratio matrix [R] either through SVD method
or through solution of PEP matrix as explained in Section 4.2. When posed
as PEP, Equations 4.56 and 4.57 are of similar form as Equation 4.33, where

A0 =
[−(λ+ 2μ) 0

0 −μ
]

A1 =
[

0 −ξ(λ+ μ)
−ξ(λ+ μ) 0

]

A2 =
[

(ω2ρ− ξ2μ) 0
0 (ω2ρ− ξ2(λ+ 2μ))

]
(4.58)

The exact shape functions for this two-dimensional FSFE formulation ob-
tained by solving the PEP for given values of ξ and ω are of the following
form, {

û(x)
v̂(x)

}
= [R][Θ]{C} (4.59)
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FIGURE 4.2: (a) Plate element; (b) nodal displacements and forces

Equation 4.59 is similar to Equation 4.35 and [R], [Θ], and {C} in Equa-
tion 4.59 have similar form as in Equation 4.35, but certainly different values.
The formulation of FSFE for two-dimensional plate with in-plane deformation
hereafter is similar to the FSFE formulation for the one-dimensional Timo-
shenko beam to a large extent.

The degrees of freedom associated with FSFE of this two-dimensional wave
guide are shown in Figure 4.2(a) and (b). The element has two nodes, one
at x = 0 and the other at x = LX . Each node has two degrees of freedom,
namely, transformed displacements û and v̂ inX and Y directions respectively.
The load can be applied along any line parallel to Y -axis

Next, the unknown constants {C} in Equation 4.59 can be obtained in terms
of the transformed nodal displacements {{F̂e}} through the matrix relation
given by

{ûe} =

⎧
⎪⎪⎨

⎪⎪⎩

û1

v̂1
û2

v̂2

⎫
⎪⎪⎬

⎪⎪⎭
= [T1]{C} (4.60)

The derivation of Equation 4.60 from Equation 4.59 can be done following the
steps similar to that given by Equations 4.37 to 4.39 in Section 4.4.

Obtaining the unknown constant {C} in terms of the transformed nodal
displacements, the only task left in formulating FSFE is to relate these con-
stants to the transformed nodal forces. The process to be followed is similar
to that adopted for one-dimensional waveguide formulation in Section 4.4.
The force boundary conditions used for the two-dimensional waveguides are
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however different and are given as

Nx = (λ + 2μ)
∂u

∂x
+ λ

∂v

∂y
(4.61)

Ny = λ

(
∂u

∂y
+
∂v

∂x

)
(4.62)

Substituting the assumed solutions given by Equations 4.52 and 4.53 into the
above Equations followed by substitution of Equation 4.59, we get

N̂x = C1(−ik1(λ+ 2μ)R11 − iξλR21)e−ik1x

+C2(ik1(λ+ 2μ)R12 − iξλR22)e−ik1(L−x)

+C3(−ik2(λ+ 2μ)R13 − iξλR23)e−ik2x

+C4(ik2(λ+ 2μ)R14 − iξλR24)e−ik2(L−x) (4.63)

N̂y = C1λ(−iξR11 − ik1R21)e−ik1x + C2λ(−iξR12 + ik1R22)e−ik1(L−x)

C3λ(−iξR13 − ik2R23)e−ik2x + C4λ(−iξR14 + ik2R24)e−ik2(L−x) (4.64)

The above Equations can be written as a matrix equation of the form given
by Equation 4.46 with the matrix [R′] having different form which can be
obtained straightforwardly from Equations 4.63 and 4.64. Next, similar to
the transformed nodal displacements, the transformed nodal forces denoted
by the vector {F̂e} can be related to the unknown constants {C} as

{F̂e} =

⎧
⎪⎪⎨

⎪⎪⎩

N̂x1

N̂y1

N̂x2

N̂y2

⎫
⎪⎪⎬

⎪⎪⎭
= [T2]{C} (4.65)

The steps followed in deriving Equation 4.65 are similar to that adopted to
derive Equation 4.48 and are not repeated here. Once Equations 4.60 and
4.65 are obtained, the dynamic stiffness matrix for the two noded FSFE of
the two-dimensional waveguide can be calculated as in Equation 4.49.
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Chapter 5

Wavelet Spectral Finite Element:
Time Domain Analysis

This chapter discusses the development of a wavelet-based numerical tech-
nique for simulation of wave propagation in structural waveguides [62]. The
method is based on wavelet transform and spectral finite element technique.
The orthogonal, compactly supported Daubechies scaling functions are used
for temporal approximation followed by finite element approach in the trans-
formed domain. The method termed as Wavelet Spectral Finite Element
(WSFE) is ideally suited for modeling finite dimension structures of relatively
high complexities. This chapter is confined to the use of WSFE for modeling
one-dimensional waveguide for time domain analysis. The following chapters
describe the frequency domain analysis using WSFE and also extension to the
modeling of two-dimensional structures.

The first example considered for illustrating the WSFE formulation is that
of an isotropic rod. This is mainly to keep the mathematical expressions
simple. Following this example, the case of an Euler-Bernoulli beam and
higher order composite beam with elastic coupling [65, 68] is given.

5.1 Reduction of wave equations for a rod

The governing differential wave equation of an isotropic rod is given as [28]

EA
∂2u

∂x2
− ηA∂u

∂t
= ρA

∂2u

∂t2
(5.1)

where E, A, η, and ρ are the Young’s modulus, cross-sectional area, damping
ratio, and density respectively. u(x, t) is the axial deformation. Let u(x, t) be
discretized at n points in the time window [0 tf ]. Let τ = 0, 1, . . . , n− 1 be
the sampling points, then

t = Δtτ (5.2)

81
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where Δt is the time interval between two sampling points. The function
u(x, t) can be approximated by scaling function ϕ(τ) at an arbitrary scale as

u(x, t) = u(x, τ) =
∑

k

uk(x)ϕ(τ − k), k ∈ Z (5.3)

where uk(x) (referred as uk hereafter) are the approximation coefficients at a
certain spatial location x. Substituting Equations 5.2 and 5.3 in Equation 5.1
we get

EA
∑

k

d2uk

dx2
ϕ(τ − k)− ηA

�t
∑

k

ukϕ
′(τ − k) =

ρA

�t2
∑

k

ukϕ
′′(τ − k) (5.4)

Taking inner product on both sides of Equation 5.4 with ϕ(τ − j), where
j = 0, 1, . . . , n− 1 we get

EA
∑

k
d2uk

dx2

∫
ϕ(τ − k)ϕ(τ − j)dτ − ηA

�t

∑
k uk

∫
ϕ′(τ − k)ϕ(τ − j)dτ

= ρA
�t2

∑
k uk

∫
ϕ′′(τ − k)ϕ(τ − j)dτ (5.5)

The translates of scaling functions are orthogonal, i.e.,
∫
ϕ(τ − k)ϕ(τ − j)dτ = 0 for j �= k (5.6)

Using Equation 5.6, Equations 5.5 can be written as n simultaneous ODEs

EA
d2uj

dx2
− ηA

�t
j+N−2∑

k=j−N+2

Ω1
j−kuk =

ρA

�t2
j+N−2∑

k=j−N+2

Ω2
j−kuk

j = 0, 1, . . . , n− 1 (5.7)

EA
d2uj

dx2
=

j+N−2∑

k=j−N+2

(
ηA

�tΩ
1
j−k +

ρA

�t2 Ω2
j−k

)
uk

j = 0, 1, . . . , n− 1 (5.8)

where N , Ω1
j−k, and Ω2

j−k are the order of the Daubechies wavelet and con-
nection coefficients as discussed earlier.

The forced boundary condition associated with the governing differential
equation given by Equation 5.1 is

EA
∂u

∂x
= F (5.9)

where F (x, t) is the axial force applied. F (x, t) can be approximated similarly
as u(x, t) in Equation 5.3

F (x, t) = F (x, τ) =
∑

k

Fk(x)ϕ(τ − k), k ∈ Z (5.10)
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Substituting Equations 5.3 and 5.10 in Equation 5.9 and taking the inner
product with ϕ(τ − j) we get

EA
duj

dx
= Fj j = 0, 1, . . . , n− 1 (5.11)

As mentioned earlier in Chapter 3, for handling finite length data sequences,
the coefficients uj near the vicinity of the boundaries (j = 0 and j = n− 1)
should be treated appropriately. Similar to the solution of ordinary differ-
ential equations for structural dynamics problems in Chapter 3, the wavelet
extrapolation technique is used here to treat the boundary coefficients.

After treating the boundaries for analysis of the finite system, Equation 5.8
can be written in a matrix form,

{
d2uj

dx2

}
=
(
ηA

EA
Γ1 +

ρA

EA
Γ2

)
{uj} (5.12)

It should be noted that though all the formulations are done with reference
to the governing differential equation for a rod, the connection coefficient
matrices Γ1 and Γ2 are independent of the problem and depend only on the
order of wavelet, i.e., N .

5.2 Decoupling using eigenvalue analysis

It can be seen from the above derivations that the wavelet coefficients of
first and second derivatives can be obtained as

{u̇j} = Γ1{uj} (5.13)

{üj} = Γ2{uj} (5.14)

The second derivative can also be written as

{üj} = Γ1{u̇j} (5.15)

Substituting Equation 5.13 in Equation 5.15 we get

{üj} = [Γ1]2{uj} (5.16)

Thus though the second order connection coefficient matrix Γ2 can be evalu-
ated independently [8], they can also be written as

Γ2 = [Γ1]
2

(5.17)
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The above modification is done as this form helps in imposing the initial
conditions for non-periodic solution. Thus the Equation 5.12 can be written
as {

d2uj

dx2

}
=
(
ηA

EA
[Γ1] +

ρA

EA
[Γ1]2

)
{uj} (5.18)

In WSFE, the reduced ODEs are coupled; however, the system of equation
can be decoupled by diagonalizing the connection coefficient matrix Γ1. This
can be done by eigenvalue analysis of the matrix as

Γ1 = ΦΠΦ−1 (5.19)

where Φ is the eigenvector matrix of Γ1 and Π is the diagonal matrix contain-
ing corresponding eigenvalues −ıγj. From Equation 5.17, Γ2 can be written
as

Γ2 = ΦΠ2Φ−1 (5.20)

where Π2 is a diagonal matrix with diagonal terms −γ2
j . This eigenvalue anal-

ysis is costly but can be done once and stored as it is completely independent
of the problem. This makes the computational time comparable to Fourier
transform-based methods.

The ODEs obtained by decoupling the Equation 5.18 can be written as

d2ûj

dx2
= −

(
ηA

EA
ıγj +

ρA

EA
γ2

j

)
ûj j = 0, 1, . . . , n− 1 (5.21)

where
ûj = Φ−1uj (5.22)

Similarly, the force boundary condition given by Equation 5.11 can be written
as

dûj

dx
= F̂j j = 0, 1, . . . , n− 1 (5.23)

where
EAF̂j = Φ−1Fj (5.24)

5.3 Wavelet spectral finite element formulation for a rod

For the solution of the system of uncoupled ODEs given by Equation 5.21 a
finite element approach is adopted in the transformed wavelet domain. These
equations are required to be solved for ûj and the actual solution u(x, t) is
obtained using inverse transform.

Figure 5.1(a) shows the spectral rod element with two nodes and one lon-
gitudinal degree of freedom (dof) ûj and nodal axial load F̂j at each node.
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FIGURE 5.1: (a) Rod and (b) beam element with nodal forces and dis-
placements

The formulation of 2 × 2 elemental dynamic stiffness matrix is explained as
follows. Hereafter the subscript j is dropped for simplified notations and all
the equations hold for j = 0, 1, . . . , n− 1. The exact interpolating function
obtained by solving Equation 5.21 is

û(x) = C1e
−ıkx + C2e

−ık(L−x) where k =
(
ηA

EA
ıγ +

ρA

EA
γ2

) 1
2

(5.25)

Here, k is the wavenumber corresponding to the axial mode as explained in
Chapter 3. The above equation can also be written in matrix form as

û(x) = [1 1]
[
e−ıkx 0

0 e−ık(L−x)

]{
C1

C2

}

û(x) = [R][Θ]{a} (5.26)

The constants {a} = {C1 C2}T are obtained from the boundary conditions
at the two nodes as shown in Figure 5.1(a). The boundary conditions on the
displacements can be written as

û(x)|@x=0 = û1 = [R]
[
1 0
0 e−ıkL

]{
C1

C2

}

= [T11]{a} (5.27)

û(x)|@x=L = û2 = [R]
[
e−ıkL 0

0 1

]{
C1

C2

}

= [T12]{a} (5.28)
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Combining Equations 5.27 and 5.28, the nodal displacement vector can be
written as

{ûe} =
{
û1

û2

}[
T11

T12

]
{a} = [T1] {a} (5.29)

Similarly, from Equation 5.24, the force boundary condition can be written
as

F̂ (x) = EA(−ıkC1e
−ıkx + ıkC2e

−ık(L−x)) (5.30)

Writing the above equation in a matrix form,

F̂ (x) = EA[−ık ık]
[
e−ıkx 0

0 e−ık(L−x)

]{
C1

C2

}

= [Ŕ][Θ]{a} (5.31)

Next, applying the boundary conditions at the two nodes,

F̂ (x)|@x=0 = F̂1 = [Ŕ]
[

1 0
0 e−ıkL

]{
C1

C2

}

= [T21]{a} (5.32)

F̂ (x)|@x=L = F̂2 = [Ŕ]
[
e−ıkL 0

0 1

]{
C1

C2

}

= [T22]{a} (5.33)

Combining Equations 5.32 and 5.33, the nodal force vector can be written as

{F̂ e} =

{
F̂1

F̂2

}

=
[
T21

T22

]
{a} = [T2] {a} (5.34)

Eliminating {a} from Equations 5.29 and 5.34, the nodal displacement vector
can be related to the nodal force vector as

{F̂ e} = [T2] [T1]
−1 {ûe} = [K̂e]{ûe} (5.35)

Here, [K̂e] is the elemental dynamic stiffness matrix. The calculations of
the above matrices for j = 0, 1, . . . , n − 1 are done numerically. The above
equation can be solved to obtain the nodal displacements {ûe} from the given
nodal forces {ûe} after imposing the boundary conditions similar to FE. After
{ûe}, the constants {a} can be derived from Equation 5.29 as

{a} = [T1]−1{ûe} (5.36)

Substituting {a} into Equation 5.26 will allow to obtain the response û(x) at
any arbitrary point within the rod. The calculation of stresses and strains is
obtained using standard finite element procedure.
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FIGURE 5.2: Impact load and Fourier transform of the load (inset)

5.4 Time domain response of elementary rod under im-
pulse load

Here, first the formulated wavelet spectral element is compared with 2-D
FE. Next, numerical experiments are presented to highlight the advantages of
WSFE over the corresponding Fourier transform-based method, particularly
for modeling finite length structures.

5.4.1 Comparison with finite element solution

First, wave propagation analysis is done for an aluminum rod with Young’s
modulus E = 70 GPa and density ρ = 2.7 × 103 kg/m3. The rod is fixed at
one end and an axial impulse load as shown in Figure 5.2 is applied at the free
end. The load has an unit amplitude and duration of 50 μs with a frequency
content of 44 kHz. The length, width, and depth of the rod are L = 20 in,
b = 1 in and h = 0.01 in respectively.

Figure 5.3(a) shows the tip longitudinal velocity in undamped (η = 0)
rod due to impact load applied at tip. The result obtained using a single
formulated spectral element is compared with 2-D FE result. The FE result is
obtained using 400 3-noded plane stress triangular elements and Newmark’s
time integration. The wavelet basis function used in this example has an
order of N = 22 and the sampling rate Δt = 1 μs. Thus for a time window
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FIGURE 5.3: Longitudinal tip velocity in rod due to tip impact load sim-
ulated with time interval (a) �t = 1 μs, (b) �t = 2 μs, and (c) �t = 4 μs

Tw = 512 μs, the number of sampling points is n = 512 and the system size is
512× 512. It can be seen that the FE results match well with those obtained
using formulated WSFE.

In Figures 5.3(b) and (c), the FE results obtained using the above mesh
(400 3-noded plane stress triangular elements) but with time steps of 2 μs and
4 μs for Newmark’s time integration are presented. These are compared with
corresponding WSFE results obtained with �t = 2 μs and 4 μs respectively.
The time window Tw is kept fixed at 512 μs. It can be seen from Figures 5.3(a)
to (c) that as the time step is increased, the FE method with Newmark’s time
integration scheme gradually shows distortions. However, WSFE is free from
such distortions even at �t = 4 μs.

In Table 5.1, the CPU time taken by FE and WSFE methods for the above
numerical examples is presented for �t = 1 μs, 2 μs, and 4 μs. The numerical
experiments are performed on an IBM IntelliStation workstation. It can be
seen that the CPU time taken by the present WSFE method is much less than
that taken by FE method. In addition, it can be seen from Fig 5.3(c) that
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TABLE 5.1: CPU time taken by FE with
Newmark’s time integration and WSFE methods
for simulation of longitudinal tip velocity in rod
shown in Figure 5.3

Time Interval �t CPU time (in sec)
(in μs)

2-D FE Present (WSFE)
1 54.00 18.00
2 27.00 2.00
4 15.00 1.00

for �t = 4 μs, WSFE solution is much more accurate than the corresponding
FE solution. This leads to further computational savings in WSFE compared
over FE analysis with Newmark’s time integration.

5.4.2 Advantage over Fourier transform-based spectral finite
element

Wave propagation analysis of finite length structures using conventional
SFE based on Fourier transform requires the structures to be damped or the
use of throw off element [36] to artificially induce damping. In addition, for
such methods, the time window should be large to remove the wrap around
problem. The time window is dependent on the value of damping and the
length of the structure, and requires to be more for lightly damped short length
structures. WSFE is completely free from such constraints where the accuracy
of solution is independent of these parameters. In Figure 5.4 longitudinal
velocities in the rod due to tip impact load are plotted considering η = 0.5.
For the solution obtained using WSFE, the time window of Tw = 512 μs is
sufficient, while for FSFE time windows, Tw of 1024 μs, 2048 μs and 4096 μs
and Δt = 1 μs are used. It can be seen that for Tw = 1024 μs, FSFE solution
is highly distorted and the accuracy gradually increases with increase of Tw

(Figure 5.4(c)). Thus, the present spectral element results in substantial
reduction of computational cost as the Tw is directly related to the system
size.
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FIGURE 5.4: Longitudinal tip velocity in rod due to tip impact load for
time window Tw (a) Tw = 1024 μs, (b) Tw = 2048 μs, and (c) Tw = 4096 μs
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5.5 Reduction of wave equations for Euler-Bernoulli beam

The flexural wave equation for an Euler-Bernoulli beam has a fourth order
derivative in space and is given as [28]

EI
∂4w

∂x4
+ ηA

∂w

∂t
+ ρA

∂2w

∂t2
= 0 (5.37)

where w(x, t) is the transverse displacement and I is the moment of inertia
of the cross-section. The main difference between longitudinal and flexural
waves is that the latter is dispersive; in other words the wave speeds vary with
frequencies.

Similar to the approximation of the longitudinal displacement u(x, t) given
by Equation 5.3, the transverse displacement w(x, t) is approximated as

w(x, t) = w(x, τ) =
∑

k

wk(x)ϕ(τ − k), k ∈ Z (5.38)

where wk are the approximation coefficients. Substituting Equation 5.38 in
Equation 5.37 and following similar steps of Equations 5.4 to 5.6, we get the
reduced ODEs as

EI
d4wj

dx4
+
ηA

�t
j+N−2∑

k=j−N+2

Ω1
j−kwk +

ρA

�t2
j+N−2∑

k=j−N+2

Ω2
j−kwk = 0

j = 0, 1, . . . , n− 1 (5.39)

EI
d4wj

dx4
+

j+N−2∑

k=j−N+2

(
ηA

�tΩ
1
j−k +

ρA

�t2 Ω2
j−k

)
wk = 0

j = 0, 1, . . . , n− 1 (5.40)

The forced boundary conditions associated with the governing equation (Equa-
tion 5.37) are

EI
∂2w

∂x2
= M (5.41)

EI
∂3w

∂x3
= −V (5.42)

where M and V are the applied moment and transverse force respectively.
Similar to Equation 5.10, M(x, t) and V (x, t) are written as

M(x, t) = M(x, τ) =
∑

k

Mk(x)ϕ(τ − k), k ∈ Z (5.43)

V (x, t) = V (x, τ) =
∑

k

Vk(x)ϕ(τ − k), k ∈ Z (5.44)
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Substituting Equations 5.43 and 5.44 in Equations 5.41 and 5.42 respectively
we get the following ODEs

EI
d2wj

dx2
= Mj j = 0, 1, . . . , n− 1 (5.45)

EI
d3wj

dx3
= −Vj j = 0, 1, . . . , n− 1 (5.46)

Spectral element for beam is formulated using the ODEs given by Equa-
tions 5.40, 5.45, and 5.46.

Next, the coefficients lying outside the finite boundaries are treated through
wavelet extrapolation technique. Thus the ODEs given by Equation 5.40 can
be written as a matrix equation of the form

{
d4wj

dx4

}
+
(
ηA

EI
Γ1 +

ρA

EI
Γ2

)
{wj} = 0 (5.47)

Again, here, the second order connection coefficient matrix Γ2 is replaced by
[Γ1]2, as given by Equation 5.17. This modification results in the following
equation from Equation 5.47

{
d4wj

dx4

}
+
(
ηA

EI
[Γ1] +

ρA

EI
[Γ1]2

)
{wj} = 0 (5.48)

The decoupling of the Equation 5.47 is done through eigenvalue analysis and
the decoupled equation is obtained as

d4ŵj

dx4
+
(
ηA

EI
γj +

ρA

EI
γ2

j

)
ŵj = 0 j = 0, 1, . . . , n− 1 (5.49)

where
ŵj = Φ−1wj (5.50)

Φ is the eigenvector matrix and ıγj are the eigenvalues of the matrix Γ1 as
given by Equations 5.19 and 5.20.

The forced boundary conditions given in Equations 5.45 and 5.46 are simi-
larly transformed as

EI
d2ŵj

dx2
= M̂j j = 0, 1, . . . , n− 1 (5.51)

EI
d3ŵj

dx3
= −V̂j j = 0, 1, . . . , n− 1 (5.52)

5.6 WSFE formulation for Euler-Bernoulli beam

Figure 5.1(b) shows the beam spectral finite element with two dofs, ŵ and
∂ŵ/∂x represented as θ in Figure 5.1(b), at each node. The nodal transverse
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forces and moments are V̂ and M̂ respectively. Spectral element formulation
for beam is very similar to that for rod. The solution of Equation 5.49 is

ŵ(x) = C1e
−ıkx + C2e

−ık(L−x) + C3e
−kx + C4e

−k(L−x)

where k =
(
ηA

EA
ıγ +

ρA

EA
γ2

) 1
4

(5.53)

Here, k are the wavenumbers and {a}= {C1 C2 C3 C4}T are the constants to
be derived from the boundary conditions at the two nodes. Writing the above
equation in matrix form, we get

ŵ(x) = [1 1 1 1]

⎡

⎢⎢
⎣

e−ıkx 0 0 0
0 e−ık(L−x) 0 0
0 0 e−kx 0
0 0 0 e−k(L−x)

⎤

⎥⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [R1][Θ]{a} (5.54)

Correspondingly, the rotational dof ∂ŵ/∂x can be written as

∂ŵ(x)
∂x

= [−ık ık − k k]

⎡

⎢⎢
⎣

e−ıkx 0 0 0
0 e−ık(L−x) 0 0
0 0 e−kx 0
0 0 0 e−k(L−x)

⎤

⎥⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [R2][Θ]{a} (5.55)

Applying the boundary conditions at the two nodes, we get

ŵ(x)|@x=0 = ŵ1 = [R1]

⎡

⎢
⎢
⎣

1 0 0 0
0 e−ıkL 0 0
0 0 1 0
0 0 0 e−kL

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [T11]{a} (5.56)

∂ŵ(x)
∂x

|@x=0 = θ̂1 = [R2]

⎡

⎢
⎢
⎣

1 0 0 0
0 e−ıkL 0 0
0 0 1 0
0 0 0 e−kL

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [T12]{a} (5.57)

ŵ(x)|@x=L = ŵ2 = [R1]

⎡

⎢⎢
⎣

e−ıkL 0 0 0
0 1 0 0
0 0 e−kL 0
0 0 0 1

⎤

⎥⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [T13]{a} (5.58)
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∂ŵ(x)
∂x

|@x=L = θ̂2 = [R2]

⎡

⎢
⎢
⎣

e−ıkL 0 0 0
0 1 0 0
0 0 e−kL 0
0 0 0 1

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [T14]{a} (5.59)

Combining Equations 5.56 to 5.59, the nodal displacement vector can be writ-
ten as

{ûe} =

⎧
⎪⎪⎨

⎪⎪⎩

ŵ1

θ̂1
ŵ2

θ̂2

⎫
⎪⎪⎬

⎪⎪⎭
=

⎡

⎢
⎢
⎣

T11

T12

T13

T14

⎤

⎥
⎥
⎦ {a}

{ûe} = [T1]{a} (5.60)

Similar boundary conditions can be applied to the shear force V̂ (x) and mo-
ment M̂(x), given by Equations 5.51 and 5.52, which can written in matrix
forms as

V̂ (x) = −EI(ık3C1e
−ıkx − ık3C2e

−ık(L−x) − k3C3e
−kx + k3C4e

−k(L−x))

V̂ (x) = −EI[ık3 − ık3 − k3 k3]

⎡

⎢
⎢
⎣

e−ıkx 0 0 0
0 e−ık(L−x) 0 0
0 0 e−kx 0
0 0 0 e−k(L−x)

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [Ŕ1][Θ]{a} (5.61)

M̂(x) = EI(−k2C1e
−ıkx + k2C2e

−ık(L−x) + k2C3e
−kx + k2C4e

−k(L−x))

M̂(x) = EI[k2 k2 k2 k2]

⎡

⎢
⎢
⎣

e−ıkx 0 0 0
0 e−ık(L−x) 0 0
0 0 e−kx 0
0 0 0 e−k(L−x)

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

C1

C2

C3

C4

⎫
⎪⎪⎬

⎪⎪⎭

= [Ŕ2][Θ]{a} (5.62)

The boundary values of the above force and moment at the two nodes of the
spectral element can be written as

V̂ (x)|@x=L = V̂2 = [Ŕ1]

⎡

⎢
⎢
⎣

e−ıkL 0 0 0
0 1 0 0
0 0 e−kL 0
0 0 0 1

⎤

⎥
⎥
⎦ {a}

V̂2 = [T23]{a} (5.63)

M̂(x)|@x=L = M̂2 = [Ŕ2]

⎡

⎢⎢
⎣

e−ıkL 0 0 0
0 1 0 0
0 0 e−kL 0
0 0 0 1

⎤

⎥⎥
⎦ {a}
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V̂1 = [T24]{a} (5.64)

Augmenting Equations 5.61 to 5.64, the nodal force vector can be written as

{F̂ e} =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

V̂1

M̂1

V̂2

M̂2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎡

⎢
⎢
⎣

T21

T22

T23

T24

⎤

⎥
⎥
⎦ {a}

{F̂ e} = [T2]{a} (5.65)

Finally, eliminating {a} from Equations 5.60 and 5.65, the nodal displace-
ments can be related to the nodal forces as

{F̂ e} = [T2][T1]−1{ûe} = [K̂e]{ûe} (5.66)

Here, [K̂e] is the elemental dynamic stiffness matrix for Euler-Bernoulli beam.
The above equation can be solved to obtain the nodal displacement vector,
{ûe} for known nodal forces. {ûe} can be substituted into Equation 5.60 to
derive the constants {a} as

{a} = [T1]−1{ûe} (5.67)

Knowing {a}, it can be substituted to Equations 5.54 and 5.55 to obtain the
displacements ŵ(x) and ∂ bw(x)

∂x at any arbitrary point on the beam.
Matlab program 5.1 gives the Matlab code to develop the WSFE for isotropic

Euler-Bernoulli beam along with axial displacement. The code uses the func-
tion wsfe ebt given as Matlab program 5.2. Therefore, the two noded element
has three dofs at each node, that are axial, transverse, and rotational. Though
in the above formulation shown for elementary rod and Euler-Bernoulli beam,
the wavenumbers k are obtained analytically, in the code given, they are ob-
tained numerically using the Matlab function root. The matrices [R1] and
[R2] are also obtained through SVD as explained in Chapter 3. The code uses
several functions other than Matlab in-built functions. These functions have
been presented in Chapter 3.

5.7 Time domain response of Euler-Bernoulli beam un-
der impulse load

The flexural wave in isotropic beam modeled using Euler-Bernoulli theory
is simulated and validated with 2-D FE results. Comparison is also done with
the corresponding FSFE simulation results.

Numerical experiments are performed to study flexural wave propagation
in an aluminum beam due to the unit impulse load applied at tip in transverse
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_____________________________________________________
MATLAB Program 5.1
_____________________________________________________
% INPUT SIGNAL
fname=input(’Enter input file name: ’,’s’);
pulse=load(fname);
t=pulse(:,1); F=pulse(:,2);
t_s=t(2)-t(1); % sampling time
m=10; % level of resolution
n=2^m; % No. of wavelet coefficient
if n>length(F)
F(s+1:n)=0;% zero padding of the load vector
else F=F(1:n); end
% MATERIAL PROPERTIES & DIMENSIONS of the aluminum beam
E=70e+09; rho=2700; % Young’s modulus & mass density
b=0.05; h=0.01; % width & depth of the beam
L=1.0; xs=1.0 % length of beam & point of measurement
A=b*h; I=(1/12)*b*h^3; % c/s area & moment of inertia
I_0=rho*A; % Inertial constant
A_11=E*A; D_11=E*I; % Axial & Flexural stiffness constant
% DAUBECHIES BASIS function
DL=22; d=1; % orders of the basis function & derivative
% CONNECTION COEFF. through Wavelet Extrapolation technique
CC1=wavenp(DL,n,d); % Function "wavenp" given in
% Chapter 3 [CC1]=[Gamma_1]
[V,D]=eig(CC1); % Eigenvalue analysis of the matrix
DS=j*(1/dt)*diag(D); % Eigenvalues gamma_j
FN=inv(V)*F; % Transformation of the force
for i=1:n

lambda=DS(i);
% ELEMENTAL DYNAMIC STIFFNESS MATRIX KD
[KD,SA,SB]=wsfe_ebt(I_0,A_11,D_11,L,xs,lambda);
% Imposition of boundary condition for FIXED-FREE beam
KD(1:3,:)=[]; KD(:,1:3)=[];
% Nodal displacements due to axial loading
ua_nodal=[FN(i,1) 0 0]*inv(KD);
UA=[zeros(1,3) ua_nodal].’;
% Nodal displacements due to transverse loading
ub_nodal=[0 FN(i,1) 0]*inv(KD);
UB=[zeros(1,3) ub_nodal].’;
va_t(i,1)=SA*UA;% Axial Velocity
vb_t(i,1)=SB*UB;% Transverse velocity

end
% INVERSE TRANSFORM to obtain time domain response
va=V*va_t; % Axial velocity in time domain
vb=V*vb_t; % Transverse velocity in time domain
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_____________________________________________________
MATLAB Program 5.2
_____________________________________________________
function [KD,SA,SB]=wsfe_ebt(I0,A11,D11,L,xs,lambda)
CONST_R=zeros(2,6); CONST_N=zeros(2,6); CONST_M=zeros(3,6);
C(1)=A11*D11; C(3)=-lambda^2*I0*D11; C(5)=-lambda^2*I0*A11;
C(7)=lambda^4*I0^2; kj=roots(C);

for p=1:6
X=[(-lambda^2*I0+kj(p)^2*A11) 0; 0
(-lambda^2*I0+kj(p)^4*D11)]; [UU,S,VV] = svd(X);
CONST_R(:,p)=VV(:,2);

end
[Y,I]=sort(abs(real(kj)));

for l=1:6
CONST_N(:,l)=CONST_R(:,I(l)); k_j(l)=kj(I(l));

end
ih=1;
for pp=1:3

if sign(imag(k_j(ih)))==1
TEMP=CONST_N(:,ih); CONST_N(:,ih)=CONST_N(:,ih+1);
CONST_N(:,ih+1)=TEMP;
temp=k_j(ih); k_j(ih)=k_j(ih+1); k_j(ih+1)=temp;

end
ih=ih+2;

end
EL1=exp(-j*k_j(1)*L);EL2=exp(-j*k_j(3)*L);EL3=exp(-j*k_j(5)*L);
CONST_M(1:2,:)=CONST_N(1:2,:);

for ic=1:6
CONST_M(3,ic)=-j*k_j(ic)*CONST_N(2,ic);

end
DG1=diag([1;EL1;1;EL2;1;EL3]); T11=CONST_M*DG1;
DG2=diag([EL1;1;EL2;1;EL3;1]); T12=CONST_M*DG2; T1=[T11;T12];
foril=1:6
P(1,il)=A11*(-j*k_j(il)*CONST_N(1,il)); % Axial load P
T(1,il)=D11*(-j*k_j(il)^3*CONST_N(2,il)); % Bending Load T
M(1,il)=-k_j(il)^2*D11*CONST_N(2,il); % Bending Moment M
end
P1=P*DG1; P2=P*DG2; V1=T*DG1; V2=T*DG2; M1=M*DG1; M2=M*DG2;
T2=[P1;V1;M1;-P2;-V2;-M2];
KD=T2*inv(T1); % elemental dynamic stiffness matrix
DXS=diag([exp(-j*k_j(1)*xs) exp(-j*k_j(1)*(L-xs))...
exp(-j*k_j(3)*xs) exp(-j*k_j(3)*(L-xs))...
exp(-j*k_j(5)*xs)exp(-j*k_j(5)*(L-xs))]);
SA=(j*lambda)*CONST_M(1,:)*DXS*inv(T1);
SB=(j*lambda)*CONST_M(2,:)*DXS*inv(T1);
return
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FIGURE 5.5: Transverse tip velocity in beam due to tip impact load

direction. The elastic properties and dimensions are same as the rod except
that here the length L is even shorter and is equal to 10 in. The transverse
velocity at the tip simulated using a single WSFE is shown in Figure 5.5. A
time window of Tw = 2048 μs with a sampling rate �t = 1 μs is used to solve
the problem. It is also compared with FE result obtained using 400, 3 noded
plane stress triangular elements. Figure shows excellent agreement between
FE and WSFE solutions.

In Figure 5.6, transverse velocity in the beam due to tip impact load is
plotted considering a damping of η = 0.5. For the results obtained with
WSFE, the time window used is Tw = 1024 μs; however as stated earlier
the accuracy of the solution is independent of Tw. For conventional FSFE
solutions, the time windows, Tw, used are 1024 μs, 2048 μs, and 4096 μs. It
can be seen from Figures 5.6 (a) to (c) that the distortions gradually decrease
by increasing Tw.

5.8 Wave propagation in frame structure

The elemental dynamic stiffness matrix [K̂] derived for the isotropic rod
and beam in Sections 5.3 and 5.6 relates the transformed nodal displacements
to the transformed nodal forces. In spectral finite element formulation, one
element is sufficient to accurately model a structure of arbitrary length in
absence of discontinuity. In order to model further complex structures with
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FIGURE 5.6: Transverse tip velocity in beam due to tip impact load for
time window Tw (a) Tw = 1024 μs, (b) Tw = 2048 μs, and (c) Tw = 4096 μs
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FIGURE 5.7: 2-D frame structure

joints and other discontinuities like that of stepped rod, bi-material structure,
2-D frame structure, the elemental structure has to be assembled to obtain
the global dynamic stiffness matrix of such build-up structure.

The example of a 2-D frame structure with a vertical P shown in Figure 5.7
is considered to show the use of WSFE for simulation of wave propagation
in relatively complex structures. This example is much more complicated as
multiple reflections occur from the joints and supports. For modeling of this
structure, three spectral finite elements are required. Each element should
have three dofs, namely, axial û, transverse ŵ, and rotational ∂ŵ/∂x. Such
an element can be obtained by combining the elements obtained separately
for rod and Euler-Bernoulli beam in Sections 5.3 and 5.6. In Figure 5.8 the
transverse wave velocity at point A is presented and compared with FE result.
The FE result is obtained using 2-noded one-dimensional beam element with
axial, transverse, and rotational degrees of freedom at each node. Each of the
three members of the frame is discretized with 5000 elements. Results show
excellent agreement between these two solutions. Since FSFE cannot be used
for similar analysis of undamped finite length structures, the wave velocities
are plotted in Figures 5.9(a) to (c) considering a damping of η = 0.5. In
the above mentioned figures for all the plots obtained using wavelet, a time
window Tw of 1024 μs is used. For FSFE, Tw is increased from 1024 μs to
4096 μs in Figures 5.9(a) to (c) to remove distortions due to wrap around.
It can be seen that for Tw = 1024 μs the results are highly distorted which
gradually decreases with increase in Tw. In Figure 5.9(c), even increasing Tw

to 4096 μs is not capable of completely eliminating the response distortion
and requires higher resolution.
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FIGURE 5.8: Transverse velocity at A of 2-D frame in Figure 5.7 due to
the applied load P

5.9 Governing differential wave equations for higher or-
der composite beam

The governing differential wave equations for higher order composite beam
are [56]

I0
∂2u

∂t2
−A11

∂2u

∂x2
+B11

∂2φ

∂x2
−A13

∂ψ

∂x
= 0 (5.68)

I2
∂2ψ

∂t2
+A13

∂u

∂x
−B13

∂φ

∂x
+A33ψ

−B55

(
∂2w

∂x2
− ∂φ

∂x

)
−D55

∂2ψ

∂x2
= 0 (5.69)

I0
∂2w

∂t2
−A55

(
∂2w

∂x2
− ∂φ

∂x

)
−B55

∂2ψ

∂x2
= 0 (5.70)

I2
∂2φ

∂t2
−A55

(
∂w

∂x
− φ
)
−B55

∂ψ

∂x
+B11

∂2u

∂x2

−D11
∂2φ

∂x2
+B11

∂ψ

∂x
= 0 (5.71)

Here, φ(x, t) and ψ(x, t) are the additional dofs for higher order beam and rep-
resent the shear and contractional displacements as shown in Figure 5.10(a).
The stiffness coefficients are functions of ply properties, orientations, etc. and
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FIGURE 5.9: Transverse tip velocity at A of 2-D frame in Figure 5.7 due to
the applied load P , for time windows Tw (a) Tw = 1024 μs, (b) Tw = 2048 μs,
and (c) Tw = 4096 μs
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FIGURE 5.10: (a) Beam cross-section and the displacements; (b) compos-
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are obtained by integrating over the beam cross-section as

[Aij , Bij , Dij ] =
∑∫ zi+1

zi

Q̄ij [1, z, z2]bdz (5.72)

where Q̄ij are the transformed stiffness coefficients of each ply. zi and zi+1

are the thickness coordinates of the ith layer and b is the corresponding width.
Similarly, the inertial constants are obtained as

[I0, I2] =
∑∫ zi+1

zi

ρ[1, z2]bdz (5.73)

where ρ is the mass density. The force boundary conditions associated with
the governing Equations 5.68 to 5.71 are

A11
∂u

∂x
−B11

∂φ

∂x
+A13ψ = P (5.74)

A55
∂w

∂x
+B55

∂ψ

∂x
−A55φ = V (5.75)

−B11
∂u

∂x
+D11

∂φ

∂x
−B13ψ = M (5.76)

B55
∂w

∂x
+D55

∂ψ

∂x
−B55φ = Q (5.77)
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5.10 WSFE formulation for composite beam

The transformed and decoupled form of Equations 5.68 to 5.71 obtained
after Daubechies scaling function approximation of the displacements are

−I0γ2
j ûj −A11

d2ûj

dx2
+B11

d2φ̂j

dx2
−A13

dψ̂j

dx
= 0 (5.78)

−I2γ2
j ψ̂j +A13

dûj

dx
−B13

dφ̂j

dx
+A33ψ̂j

−B55

(
d2ŵj

dx2
− dφ̂j

dx

)

−D55
d2ψ̂j

dx2
= 0 (5.79)

−I0γ2
j ŵj −A55

(
d2ŵj

dx2
− dφ̂j

dx

)

−B55
d2ψ̂j

dx2
= 0 (5.80)

−I2γ2
j φ̂j −A55

(
dŵj

dx
− φ̂j

)
−B55

dψ̂j

dx
+B11

d2ûj

dx2

−D11
d2φ̂j

dx2
+B11

dψ̂j

dx
= 0 (5.81)

Similarly, the transformed force boundary conditions are

A11
dûj

dx
−B11

dφ̂j

dx
+A13ψ̂j = P̂j j = 0, 1, . . . , n− 1 (5.82)

A55
dŵj

dx
+B55

dψ̂

∂x
−A55φ̂j = V̂j (5.83)

−B11
dûj

dx
+D11

dφ̂j

dx
−B13ψ̂j = M̂j (5.84)

B55
dŵj

dx
+D55

dψ̂j

dx
−B55φ̂j = Q̂j j = 0, 1, . . . , n− 1 (5.85)

The dofs associated with the element formulation are shown in Figure 5.10(b).
The element has four degrees of freedom per node, which are ûj , ŵj , φ̂j , and
ψ̂j . The reduced ODEs given by Equations 5.78 to 5.81 for composite beam
are required to be solved for ûj, ŵj , φ̂j , ψ̂j and the actual solutions u(x, t),
w(x, t), φ(x, t), ψ(x, t) are obtained using inverse transform.

The formulation of WSFE for such higher order composite beam is similar
to that for Euler-Bernoulli beam except the higher complexities associated
with the former structure. Here, the WSFE formulation can be started by
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considering a displacement vector as follows,

{v̂} =

⎧
⎪⎪⎨

⎪⎪⎩

v̂1
v̂2
v̂3
v̂4

⎫
⎪⎪⎬

⎪⎪⎭
=

⎧
⎪⎪⎨

⎪⎪⎩

û(x)
ŵ(x)
φ̂(x)
ψ̂(x)

⎫
⎪⎪⎬

⎪⎪⎭
(5.86)

Now, assuming a solution of the displacements v̂,

{v̂} = {v̂0}e−ıkx {v̂0} =

⎧
⎪⎪⎨

⎪⎪⎩

û0

ŵ0

φ̂0

ψ̂0

⎫
⎪⎪⎬

⎪⎪⎭
(5.87)

Substituting the above solution in the ODEs given by Equations 5.78 to 5.81,
a PEP can be posed as

{A2k
2 + A1k + A0}{v̂0} = 0 (5.88)

Here,

A2 =

⎡

⎢
⎢
⎣

γ2I0 0 0 0
0 γ2I0 0 0
0 0 γ2I2 +A55 0
0 0 0 γ2I2 +A55

⎤

⎥
⎥
⎦

A1 =

⎡

⎢
⎢
⎣

0 0 0 ıA13

0 0 −ıA55 0
0 ıA55 0 ı(−B13 +B55)

−ıA13 0 ı(B13 +B55) 0

⎤

⎥
⎥
⎦

A0 =

⎡

⎢
⎢
⎣

A11 0 −B11 0
0 A55 0 B55

−B11 0 D11 0
0 B55 0 D55

⎤

⎥
⎥
⎦

The wavenumbers k are obtained as eigenvalues of the above PEP. The eight
wavenumbers will be a set of two conjugate wavenumbers, each pair represent-
ing the forward and backward moving waves for a mode. The vector v̂0 are
the eigenvectors of the PEP corresponding to each of the wavenumbers. This
solution of the PEP gives these eigenvectors as an 4 × 8 eigenvector matrix
[R] of the form

[R] =

⎡

⎢⎢
⎣

R11 . . . . . . R18

R21 . . . . . . R28

R31 . . . . . . R38

R41 . . . . . . R48

⎤

⎥⎥
⎦ (5.89)

Therefore, the solution for {v̂} can be written in matrix form as

{v̂} = [R][Θ]{a} (5.90)
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Here, [Θ] is a diagonal matrix with the diagonal terms [e−ık1x, e−ık1(L−x),
e−ık2x, e−ık2(L−x), e−ık3x, e−ık3(L−x), e−ık4x, e−ık4(L−x)]. {a}= {C1 C2

. . . C7 C8}T are the unknown constants which will be derived from the four
boundary conditions at each of the two nodes. Thus, the solution of the
reduced ODEs given by Equations 5.78 to 5.81 for each of the displacement
can be written as

v̂m =
8∑

l=1

RmlCle
−ıklx for m = 1 to 4 (5.91)

Next, imposing the boundary conditions on the displacements as

û(x)|@x=0 = û1 =
[
R11 · · · R18

]
[Θ1] {a}

= [T11]{a} (5.92)

Here, [Θ1] is a diagonal matrix with diagonal terms [1, e−ık1L, 1, e−ık2L,
1, e−ık3L, 1, e−ık4L]. Similarly, for other displacements, the displacement
boundary conditions can be written as

ŵ(x)|@x=0 = ŵ1 =
[
R21 · · · R28

]
[Θ1] {a}

= [T12]{a} (5.93)

φ̂(x)|@x=0 = φ̂1 =
[
R31 · · · R38

]
[Θ1] {a}

= [T13]{a} (5.94)

ψ̂(x)|@x=0 = ψ̂1 =
[
R41 · · · R48

]
[Θ1] {a}

= [T14]{a} (5.95)

The remaining four displacement boundary conditions at the other node can
be written as

û(x)|@x=L = û2 =
[
R11 · · · R18

]
[Θ2] {a} = [T15]{a} (5.96)

Here, [Θ2] is a diagonal matrix with diagonal terms [e−ık1L, 1, e−ık2L,
1, e−ık3L, 1, e−ık4L, 1]. The other displacements at the node can be written
as

ŵ(x)|@x=L = ŵ2 =
[
R21 · · · R28

]
[Θ2] {a} = [T16]{a} (5.97)

φ̂(x)|@x=L = φ̂2 =
[
R31 · · · R38

]
[Θ2] {a} = [T17]{a} (5.98)

ψ̂(x)|@x=L = ψ̂2 =
[
R41 · · · R48

]
[Θ2] {a} = [T18]{a} (5.99)

Combining Equations 5.92 to 5.99, the nodal displacement vector can be writ-
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ten as

{ûe} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

û1

ŵ1

φ̂1

ψ̂1

û2

ŵ2

φ̂2

ψ̂2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢⎢
⎢
⎢
⎢
⎣

T11

T12

...
T17

T18

⎤

⎥⎥
⎥
⎥
⎥
⎦
{a} = [T1]{a} (5.100)

Next, substituting the solutions given by Equation 5.91 in the force bound-
ary conditions given by Equations 5.82 to 5.85, they can be written as

P̂ (x)|@x=0 = P̂1 = [Ŕ11 · · · Ŕ18][Θ1]{a} = [T21]{a} (5.101)
where Ŕ1l = −ıkl(A11R1l −B11R3l) +A13R4l

V̂ (x)|@x=0 = V̂1 = [Ŕ21 · · · Ŕ28][Θ1]{a} = [T22]{a} (5.102)
where Ŕ2l = −ıkl(A55R2l −B55R4l)−A55R3l

M̂(x)|@x=0 = M̂1 = [Ŕ31 · · · Ŕ38][Θ1]{a} = [T23]{a} (5.103)
where Ŕ3l = −ıkl(−B11R1l +D11R3l)−B13R4l

Q̂(x)|@x=0 = Q̂1 = [Ŕ41 · · · Ŕ48][Θ1]{a} = [T24]{a} (5.104)
where Ŕ4l = −ıkl(B55R2l +D55R4l)−B55R3l

Similarly, at the other node the forces can be written as

P̂ (x)|@x=L = P̂2 = [Ŕ11 · · · Ŕ18][Θ2]{a} = [T25]{a} (5.105)

V̂ (x)|@x=L = V̂2 = [Ŕ21 · · · Ŕ28][Θ2]{a} = [T26]{a} (5.106)

M̂(x)|@x=L = M̂2 = [Ŕ31 · · · Ŕ38][Θ2]{a} = [T27]{a} (5.107)

Q̂(x)|@x=L = Q̂2 = [Ŕ41 · · · Ŕ48][Θ2]{a} = [T28]{a} (5.108)

Again, augmenting Equations 5.101 to 5.108, the nodal force vector can be
obtained as

{F̂e} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P̂1

V̂1

M̂1

Q̂1

P̂2

V̂2

M̂2

Q̂2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢⎢
⎢
⎢
⎢
⎣

T21

T22

...
T27

T28

⎤

⎥⎥
⎥
⎥
⎥
⎦
{a} = [T2]{a} (5.109)

Eliminating the unknown constant vector {a} from Equations 5.100 and
5.109, the nodal displacement vector can be related to the nodal force vector
as

{F̂e} = [T2][T1]−1{ûe} = [K̂]{ûe} (5.110)
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FIGURE 5.11: Tone-burst signal modulated at 200 kHz and its Fourier
transform (inset)

Here, [K̂] is the elemental dynamic stiffness matrix. This elemental matrix can
be assembled to obtain the global dynamic stiffness matrix of more complex
structures, a few examples being, beam with ply-drop, beam with embedded
PZT patches as sensors or actuators. Knowing the nodal displacements {ûe}
from Equation 5.110, it can be substituted back into Equation 5.100. The
constants {a} can be obtained as

{a} = [T1]−1{ûe} (5.111)

These constants can be substituted back into Equation 5.90 to obtain the
displacements at any arbitrary point on the beam.

5.11 Time domain response of higher order composite
beam

The coupled wave propagation in the higher order composite beam simu-
lated using the formulated WSFE is obtained for both broad-band impulse
load as shown in Figure 5.2 and narrow-banded modulated sinusoidal pulse
or tone-burst signals. An example of tone-burst signal modulated at a fre-
quency of 200 kHz is shown in Figure 5.11. Such tone-burst signals travel
non-dispersively and are commonly used for damage detection purposes. The
responses are compared with 2-D FE results and also with corresponding
FSFE results. All the numerical experiments presented are performed on a
AS4/3501-6 graphite-epoxy composite beam with four plies. The beam has a
depth of h = 0.01 m and width b = 0.01 m and the material properties are
given in Table 5.2.
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TABLE 5.2: Properties of
AS4/3501-6 graphite-epoxy beams

Material Properties:
E11, Gpa 141.9
E22, Gpa 9.78
G12 = G13, Gpa 6.13
G23, Gpa 4.80
ν12 0.42
ρ 1449 kg/m3

5.11.1 Response to impulse load

Wave propagation is studied in a cantilever beam due to the impulse load
applied at the free end. In Figure 5.12(a), the tip axial velocities in the
undamped beam of length L = 0.5 m and ply orientation [02/902] due the
impulse load applied at the tip in axial direction are plotted. The results
obtained using WSFE are compared with 1-D FE results and they match very
well. In Figure 5.12(b), the tip transverse velocities in the undamped beam of
length L = 0.25 m and ply orientation [02/902] due the impulse load applied at
the tip in transverse direction are plotted. Even here, the WSFE and 1-D FE
results compare well. Here, 1-D FE is used for validation instead of 2-D FE as
Euler-Bernoulli beam response cannot be accurately simulated using 2-D FE.
Both first order shear deformation theory (FSDT) and Euler-Bernoulli theory
(EBT) are considered. The EBT solutions are derived from the formulated
FSDT solution by considering A55 = ∞. WSFE solutions are obtained with
N = 22 and �t = 2 μs with Tw = 512 μs. FE solutions are obtained using
2000 1-D beam elements and Newmark’s time integration scheme with time
step of 1 μs. In addition, it can be seen from Figure 5.12(b) that effect of
neglecting transverse shear causes substantial reduction of transverse wave
velocity.

In Figures 5.13(a) and (b), the tip axial and transverse velocities in a un-
damped cantilever beam due to the tip unit impulse load applied in axial
and transverse directions respectively are plotted for different ply orienta-
tions. The velocities are simulated using WSFE with N = 22, �t = 2 μs, and
Tw = 512 μs. The length of the beam considered is L = 0.5 m for measuring
the axial velocity and is L = 0.25 m for transverse velocity. The three differ-
ent ply orientations considered are [04], [02/602], and [02/902]. It can be seen
from the figures that both the axial and transverse velocities are highest for
[04] ply layup while least for [02/902] ply layup. Next, the WSFE solutions
are compared with FSFE to emphasize the advantages of WSFE for wave
propagation analysis in finite length structures. In Figure 5.14, the tip axial
velocities in a [02/602] cantilever beam with L = 0.25 m due to the impulse
load applied at tip in transverse direction are plotted. Though WSFE can be
used effectively for analysis of undamped finite length structures, for compar-
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FIGURE 5.12: (a) Axial and (b) transverse tip velocities in a [02/902]
graphite-epoxy beam due to tip impulse load applied in axial and transverse
directions respectively
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FIGURE 5.13: (a) Axial and (b) transverse tip velocities in a graphite-
epoxy beam with different ply orientations due to tip impulse load applied in
axial and transverse directions respectively
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FIGURE 5.14: Axial tip velocities in a graphite-epoxy [02/602] beam due
to tip impulse load applied in transverse direction

ison with FSFE, which does not work for such cases, a damping of η = 0.1
is considered. For both FSFE and WSFE is Δt = 2 μs, WSFE results, how-
ever, are obtained with Tw = 512 μs while FSFE requires much higher Tw

to remove the distortions due to wrap around problem. It can be seen from
Figure 5.14 that FSFE solution with Tw = 16384 μs shows large distortions
which decrease by increasing Tw further to 32768 μs.

5.11.2 Response to modulated pulse load

To study the presence of different propagating coupled modes in an asym-
metric beam, the responses to narrow banded sinusoidal pulse modulated at a
high frequency are simulated using WSFE. For such loading the waves propa-
gate non-dispersively. The load is applied at a point C on an infinite beam as
shown in Figure 5.15 and the velocities are measured at point D at a distance
L from C. Here, a ply orientation of [02/602] and L = 2.0 m is considered.
The load is modulated at 200 kHz, such that the loading frequency is above
the highest cut-off frequency which is approximately equal to 165 kHz for
contractional mode for this ply layup [56]. In Figures 5.16(a) and (b), the ax-
ial and transverse velocities at C due to the pulse applied at D in transverse
direction are plotted. It shows the presence of all the four propagating modes,
namely, axial, transverse, shear, and contraction. Similarly, Figures 5.17(a)
and (b) show the axial and transverse velocities at C due to the pulse applied
at D in axial direction. In all the above experiments, simulations are done
with N = 22 and �t = 1 μs.
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FIGURE 5.15: An infinite beam to observe non-dispersive wave modes

In summary, the chapter presents the wavelet-based spectral finite element
method for time domain analysis of wave propagation in one-dimensional
structural waveguides. The waveguides studied here as examples are isotropic
rod under axial deformation, isotropic Euler-Bernoulli beam, two-dimensional
frame, and higher order composite beam. The wavelet-based method pre-
sented here can simulate wave response of finite dimensional structures unlike
the existing Fourier transform-based methods and this can be stated as a
major advancement in the area of numerical modeling for wave propagation
analysis. In the following chapter, the WSFE method developed here will
be implemented to study the frequency dependent wave characteristics like
spectrum and dispersion relations.
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FIGURE 5.16: (a) Axial and (b) transverse velocities in a graphite-epoxy
infinite [02/602] beam due to modulated sinusoidal pulse at 200 kHz applied
in transverse direction
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FIGURE 5.17: (a) Axial and (b) transverse velocities in a graphite-epoxy
infinite [02/602] beam due to modulated sinusoidal pulse at 200 kHz applied
in axial direction
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Chapter 6

Wavelet Spectral Finite Element:
Frequency Domain Analysis

An important advantage of spectral method is that it allows simultaneous time
and frequency domain analysis. Study of certain frequency dependent wave
characteristics like wavenumbers and wave speeds are essential to understand
the wave behavior. These frequency dependent wave properties can also be
extracted from WSFE formulation but only up to a certain fraction of the
Nyquist frequency [63]. This constraint results from the loss in frequency
resolution due to the improvement in time resolution in wavelet analysis,
where the basis functions are bounded both in time and frequency. A price
has to be paid in frequency domain in order to obtain a bound in the time
domain. In this chapter, the derivation of wavenumbers and wave speeds
from WSFE formulation is presented. The consequence of this analysis is to
impose a constraint on the time sampling rate for the simulation with WSFE,
to avoid spurious dispersion.

6.1 Frequency domain analysis: periodic boundary con-
dition

In Chapter 5, we studied the non-periodic WSFE formulation for time do-
main analysis of wave propagation. There, the boundaries are treated using
wavelet extrapolation technique. Apart from such non-periodic formulation,
WSFE can also be formulated assuming periodicity of the solution. Though
the latter method is not capable of accurately simulating the time domain
wave response, it helps in deriving the frequency domain wave properties. In
this approach, the function u(x, t) is assumed to be periodic in time. Consid-
ering the discretized u(x, τ) to be periodic with time period tf in the Equa-
tion 5.8, the unknown coefficients uj on LHS are taken as

u−1 = un−1

u−2 = un−2

...
...

117
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u−N+2 = u
n−N+2

(6.1)

Similarly the unknown coefficients on RHS, i.e., un, un+1, . . . , un+N−2 are
equal to u0, u1, . . . , uN−2 respectively. With the above assumption, the cou-
pled ODEs given by Equation 5.8 can be written in matrix form as

{
d2uj

dx2

}
=
(
ηA

EA
Λ1 +

ρA

EA
Λ2

)
{uj} (6.2)

where Λ1 and Λ2 are n×n circulant connection coefficient matrices and have
the form

Λ1 =
1
�t

⎡

⎢
⎢⎢
⎣

Ω1
0 Ω1

−1 . . . Ω
1
−N+2 . . . Ω

1
N−2 . . . Ω

1
1

Ω1
1 Ω1

0 . . . Ω1
−N+3 . . . 0 . . . Ω1

2
...

... . . .
... . . .

... . . .
...

Ω1
−1 Ω1

−2 . . . 0 . . . Ω1
N−3 . . . Ω

1
0

⎤

⎥
⎥⎥
⎦

(6.3)

Λ2 for second order derivative has a similar form. For a circulant matrix
Λ1 [21], the eigenvalues αj are

αj =
N−2∑

k=−N+2

Ω1
ke

−2πijk/n j = 0, 1, . . . , n− 1 (6.4)

and the corresponding orthonormal eigenvectors vj , j = 0, 1, . . . , n− 1 are

(vj)k =
1√
n
e−2πijk/n, k = 0, 1, . . . , n− 1 (6.5)

For Λ1, Ω1
p = −Ω1−p for p = 1, 2, . . . , N − 2 and Ω1

0 = 0 and we can write
αj = iλj where

λj = − 2
�t

N−2∑

k=1

Ω1
k sin

[
2πkj
n

]
j = 0, 1, . . . , n− 1 (6.6)

Again here, though the second order connection coefficient matrix Λ2 can be
evaluated independently [8], they can also be written as

Λ2 = [Λ1]
2

(6.7)

Thus, Equation 6.2 can be written as
{
d2uj

dx2

}
=
(
ηA

EA
[Λ1] +

ρA

EA
[Λ1]2

)
{uj} (6.8)

As discussed earlier, the spectral element formulation involves eigenvalue anal-
ysis. This is done to diagonalize the matrix in Equation 6.2 and decouple the
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ODEs. For periodic boundary conditions, these eigenvalues αj and eigenvec-
tors (vj)k are known analytically and this decreases the computational cost.
Thus, the diagonalized form of Equation 6.8 is

d2ûj

dx2
=
(
ηA

EA
λj +

ρA

EA
λ2

j

)
ûj j = 0, 1, . . . , n− 1 (6.9)

where
ûj = Φ−1uj (6.10)

Φ being the eigenvector matrix. Neglecting damping, Equation 6.9 can be
written as

d2ûj

dx2
= − ρA

EA
λ2

j ûj j = 0, 1, . . . , n− 1 (6.11)

For periodic solution, the wavelet transformation given by Equation 5.3 can
be written as matrix equation [2]

⎡

⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

U0

U1

U2

...

...

...
Un−1

⎤

⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

=

⎡

⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

0 0 0 . . . ϕN−2 . . . ϕ2 ϕ1

ϕ1 0 0 . . . 0 . . . ϕ3 ϕ2

ϕ2 ϕ1 0 . . . 0 . . . ϕ4 ϕ3

...
...

... . . .
... . . .

...
...

ϕN−2 ϕN−3 ϕN−4 . . . . . . . . . 0 0
...

...
... . . .

... . . .
...

...
0 0 0 . . . ϕN−3 . . . ϕ1 0

⎤

⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

u0

u1

u2

...

...

...
un−1

⎤

⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

(6.12)

where Uj , ϕj are the values of u(x, τ) and ϕ(τ) at τ = j. For such circulant
matrix the Equation 6.12 can be replaced by a convolution relation which can
be written as

{Ũj} = {K̃ϕj.ũj} (6.13)

where {Ũj}, {ũj} are FFT of {Uj} and {uj} respectively. {K̃ϕj} is FFT of
{Kϕ} = {0 ϕ1 ϕ2 . . . ϕN−2 . . . 0} which is the first column of the scaling
function matrix given in Equation 6.12. Similarly in Equation 6.8, the matrix
Λ1 is also a circulant matrix and thus it can be written as (neglecting the
damping) {

d2ũj

dx2

}
=

ρA

EA
{K̃2

Ωj .ũj} (6.14)

where {K̃Ωj} are the FFT of KΩ = {Ω1
0 Ω1

−1 . . . Ω1
−N+2 . . . Ω1

N−2 . . . Ω1
1},

which is the first column of the connection coefficient matrix Λ1. Substituting
Equation 6.13 in Equation 6.14 we get

{
d2(Ũj/K̃ϕj)

dx2

}

=
ρA

EA
{K̃2

Ωj.(Ũ j/K̃ϕj)} (6.15)
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or {
d2Ũj

dx2

}

=
ρA

EA
{K̃2

Ωj.Ũj} (6.16)

It can be easily seen that the FFT coefficients K̃Ωj are equal to the eigenvalues
ıλj of the matrix Λ1 given by Equation 6.6. Thus Equation 6.16 can be written
as

d2Ũj

dx2
= − ρA

EA
λj

2Ũj, j = 0, 1, . . . , n− 1 (6.17)

It should be mentioned here that, by relating the Equations 6.11 and 6.17, it
can be observed that the transformation given by Equation 6.10 is similar to
DFT for periodic WSFE formulation.

In Fourier transform-based spectral analysis, the transformed ODEs are of
the form

d2Ũj

dx2
= − ρA

EA
ωj

2Ũj , j = 0, 1, . . . , n− 1 (6.18)

where
ωj =

2πj
n�t (6.19)

It can be seen that for a given sampling rate�t, λj exactly matches ωj up to a
certain fraction pN of Nyquist frequency fnyq = 1

2�t . Thus similar to Fourier
transform-based spectral analysis, WSFE can be used directly for studying
frequency dependent characteristics like spectrum and dispersion relations but
up to a certain fraction of fnyq. pN is dependent on the order of basis and is
more for higher order basis. In Figure 6.1(a), ωj and λj are compared with
respect to a fraction of fnyq. This study also helps to determine the sampling
rate required depending on the frequency content of excitation loads and order
of bases. This has been explained with numerical experiments later.

Unlike λj which are real, the eigenvalues γj in non-periodic solution shown
in Chapter 5 are complex. However, from numerical experiments it is seen
that the real part of γj matches λj which are compared for different order
of basis in Figure 6.1(a). The additional imaginary part of γj is plotted for
different bases in Figure 6.1(b).

6.2 Computation of wavenumbers and wave speeds

As observed from the above mathematical derivation, the parameter λj

associated with periodic WSFE formulation matches with the frequency ωj

up to a fraction pN of the Nyquist frequency fnyq depending on the order
N of the Daubechies scaling function used. In WSFE, the wavenumbers k
and correspondingly the wave speed dω

dk is a function of λj and the elastic and
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FIGURE 6.1: Comparison of ωj , λj , and γj for different order (N) of basis,
(a) real part and (b) imaginary part of γj
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FIGURE 6.2: Comparison of wavenumbers kf (exact) and kw (WSFE),
for different order (N) of basis

cross-sectional properties of the structure. Thus, for any arbitrary structure, k
will be exact up to the frequency fN = pNfnyq. In Figure 6.2, the percentage
error in form of |kf−kw |

|kf | is plotted with respect to the fraction fj/fnyq for
different order of basis functions where kw are wavenumbers obtained using
WSFE and kf are the actual wavenumbers obtained from Fourier transform
respectively. It can be seen that the calculated error is negligible and almost
equal to zero up to a certain fj/fnyq and then increases quite steeply. For a
given N , this fraction pN as defined earlier is the highest frequency fraction
up to which the error remains negligible and this can be derived numerically
from Figure 6.2 for different N . Though, here the wavenumbers correspond
to an elementary rod, the same relation will hold for wavenumbers of other
waveguides.

Here numerical examples of spectrum relation, i.e., wavenumber versus fre-
quency plot and dispersion relation, i.e., wave speed versus frequency plot
obtained using WSFE, are presented and compared with the exact values of
these parameters. All the numerical examples presented here are for an alu-
minum rod and beam of width (= 2b) 6 mm and depth (= 2h) 25 mm. The
elastic properties are as follows, Young’s modulus E = 70 GPa, shear modu-
lus G = 27 GPa, and density ρ = 2700 kg/m3. The shear correction factor
K = 0.85. As mentioned earlier, the Euler-Bernoulli solutions are obtained
considering GAK =∞ and ρI = 0.
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6.2.1 Elementary rod

The spectrum relations for an elementary rod are obtained using WSFE
with �t = 1 μs (fnyq = 500 kHz) and �t = 2 μs (fnyq = 250 kHz) and are
presented in Figures 6.3(a) and (b) respectively. The comparison with exact
results in each case shows that the non-dimensional wavenumber k1h obtained
using periodic WSFE is exact up to pN of fnyq beyond which spurious disper-
sion is observed. It can be seen from Figures 6.3(a) and (b) that the above
mentioned fraction pN varies only with order of basis N and is independent
of the problem. For N = 22, pN ≈ 0.6, while for N = 6, pN ≈ 0.36. Thus,
for �t = 1 μs, wave characteristics can be obtained for a frequency range of
fnyq = 500 kHz from conventional spectral analysis and for a frequency range
of fN = 0.6fnyq = 300 kHz using WSFE with N = 22.

In Figures 6.4(a) and (b), the spectrum relations derived from non-periodic
WSFE with N = 22 and N = 6 and the exact solutions are presented for
�t = 4 μs and �t = 8 μs respectively. As discussed in earlier sections and
shown in Figure 6.1(b), non-periodic formulation adds an imaginary part to
the real wavenumber k1 obtained from periodic WSFE. The imaginary part
is essentially the damping that is introduced in the formulation to circumvent
the wrap around problem and this is inherent in the WSFE formulation. This
imaginary part is presented in Figure 6.4(c) for N = 22 and N = 6 obtained
with �t = 4 μs.

Next, the dispersion relation for rod is plotted. In the rod the waves are
non-dispersive and hence the group speed and phase speeds are the same, i.e.,
the ratio of Cg/C0 = 1, where Cg represents the group speed and C0 is the
phase speed. In Figure 6.5, the dispersion relation derived from WSFE with
N = 22 is plotted for �t = 2 μs or fnyq = 250 kHz and compared to the
exact solution. In this figure the non-dimensional group speed Cg/C0 where
Cg = real(dω/dk1) and C0 =

√
EA/ρA is plotted with respect to frequency.

Similar to spectrum relation, WSFE predicts the exact speed up to fN and is
approximately equal to 150 kHz here for N = 22.

6.2.2 Euler-Bernoulli and Timoshenko beam

Before studying the wave properties of Timoshenko beam, we will ana-
lyze these properties for Euler-Bernoulli beam. The Euler-Bernoulli model is
derived from the Timoshenko beam model substituting A55 = ∞ and rota-
tional inertia equal to zero. In Figure 6.6, the spectrum relation for an Euler-
Bernoulli beam obtained using periodic WSFE is presented and compared
with exact solution. Similar to elementary rod, even here, the wavenum-
ber derived from WSFE predicts the exact wave behavior up to the frac-
tion pN of fnyq beyond which it shows spurious dispersions. In Figure 6.6
the non-dimensional wavenumbers k2h and k3h obtained with �t = 1 μs or
fnyq = 500 kHz are plotted. In Figure 6.7(a) the non-dimensional wavenum-
bers k2h and k3h derived from non-periodic WSFE for �t = 4 μs are plotted.
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FIGURE 6.3: Spectrum relation for elementary rod k1h (and pulse spec-
trum ‘−.−’) for sampling rate (a) �t = 1 μs, (b) �t = 2 μs
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FIGURE 6.5: Dispersion relation Cg/C0, C0 =
√
EA/ρA for elementary

rod plotted up to f = 0.6fnyq = 150 kHz

In Figure 6.7(b), the imaginary and real part of k2h and k3h respectively that
are introduced due to the imposition of boundary conditions are plotted for
�t = 4 μs. In Figure 6.8, the dispersion relation of Euler-Bernoulli beam
derived from WSFE with N = 22 is plotted for �t = 2 μs or fnyq = 250 kHz
and compared with the exact solution. In this figure the non-dimensional
group speed Cg/C0 where Cg = real(dω/dk1) and C0 =

√
EA/ρA is plotted

with respect to frequency. Similar to spectrum relation, WSFE predicts the
exact speed up to fN ≈ 150 kHz for N = 22.

Introduction of shear deformation converts the evanescent mode of elemen-
tary beam into a propagating shear mode and this propagation occurs only
after certain frequency called cut-off frequency, whose values can be varied
by varying material and sectional properties [28]. In Figure 6.9(a), the non-
dimensional wavenumbers k2h and k3h corresponding to flexural and shear
modes derived from WSFE (N = 22 and N = 6) are plotted for �t = 2 μs.
For the present beam configuration, the cut-off frequency for shear mode k3 is
given by f0 =

√
GAK/ρI = 62 kHz and this can be seen from Figure 6.9(a).

Thus the shear mode will propagate only for loading with frequency content
greater than f0. Similarly, Figure 6.9(b) shows the spectrum relation for
�t = 8 μs and up to fnyq = 64 μs derived from non-periodic WSFE. The
dispersion relations for Timoshenko beam are presented in Figure 6.10. The
non-dimensional group speeds Cg/C0 as described in the earlier sections are
derived from WSFE with N = 22 and compared with exact solution and
�t = 1 μs is considered. One of the significant differences between the Euler-
Bernoulli and Timoshenko beam is the presence of the second propagating
mode. The speeds are plotted up to fN which is 300 kHz.
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FIGURE 6.6: Spectrum relation for Euler-Bernoulli beam k2h and k3h
(and pulse spectrum ‘−.−’) for sampling rate �t = 1 μs

6.2.3 Higher order composite beam

In Figure 6.11, the wavenumbers for a [04] AS4/3501-6 graphite-epoxy
higher order beam explained in Section 5.9, computed using periodic WSFE
(kw) with N = 22, are plotted for all the four modes, i.e., axial, flexural, shear,
and contractional. It can be seen that the shear and contractional modes have
a cut-off frequency and will propagate for loading with frequencies higher than
these cut-off frequencies. Before the cut-off frequency, the wavenumbers cor-
responding to the shear and contractional modes are imaginary and become
real at frequencies higher than the cut-off. For [04] ply orientation, these
cut-off frequencies for shear and contractional modes are approximately 100
kHz and 162 kHz respectively. For all the modes, comparisons are provided
with the exact solution. The sampling rate is �t = 1 μs and corresponding
Nyquist frequency fnyq = 500 kHz.

Next, to study how the wave packets travel at different frequencies, the
dispersion relations are plotted for axial, flexural, shear, and contractional
modes. In Figure 6.12, the dispersion relation derived from WSFE with
N = 22 is plotted for �t = 1 μs or fnyq = 500 kHz. In this figure, the non-
dimensional group speeds Cg/C0 where Cg =real(dω/dk) and C0 =

√
EA/ρA

are plotted with respect to frequency.
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FIGURE 6.7: (a) Spectrum relation for Euler-Bernoulli beam k2h and k3h
(and impulse spectrum ‘−.−’) for sampling rate �t = 4 μs and (b) imaginary
part of k2h and real part of k3h introduced due to non-periodic WSFE solution
with �t = 4 μs
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Bernoulli beam plotted up to f = 0.6fnyq = 150 kHz

6.3 Constraint on time sampling rate

From the above study it has been observed that WSFE is capable of accu-
rate frequency domain analysis similar to the Fourier transform-based analysis
of wave propagation, but only up to a fraction of the Nyquist frequency. After
this frequency, WSFE shows spurious dispersion. A consequence of the above
study is a priori determination of �t required by WSFE depending on the
excitation frequency and order of basis N for proper simulation of waves. For
a given N , Δt should be such that fN given as pNfNyq is greater than the
frequency content of the applied load. A larger�t than this leads to spurious
dispersion modes of propagation in time domain analysis and this is demon-
strated with several examples in this section. First, the response to sinusoidal
pulse modulated at 110 kHz and 200 kHz, simulated using non-periodic WSFE
is presented. For such loading, the waves propagate non-dispersively even in
dispersive media. The pulse spectrum are superimposed in Figures 6.3(a) and
(b). The loads are applied at a point C on an infinite beam, as shown in Fig-
ure 5.15, in axial direction and the axial velocity is measured at D at L = 0.5
m away from C. In Figure 6.13(a), the axial velocities obtained using WSFE
(N=22 and N=6) and FE with �t = 1 μs for sinusoidal pulse at 200 kHz are
presented. It can be seen that in this case, the result obtained using WSFE
with N = 22 matches exactly with FE, while for N = 6, it varies considerably.
This observation can be explained using Figure 6.3(a). It can be seen from
Figure 6.3(a) that in the frequency range of the applied sinusoidal pulse of
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200 kHz, WSFE with N = 22 predicts exact wavenumbers but WSFE with
N = 6 fails to do so. Thus the results simulated with N = 6 in Figure 6.13(a)
cannot capture the correct wave propagation. In Figure 6.13(b) similar axial
velocities are presented but for excitation with sinusoidal pulse modulated at
110 kHz. In this case, both the results obtained using WSFE with N = 22
and N = 6 match exactly with FE results. This is expected as it can be
seen from Figure 6.3(a) that for the frequency range of the 110 kHz loading,
WSFE with N = 22 and N = 6 give the correct spectrum relation. From
these experiments it can be summarized that the time domain results sim-
ulated with WSFE will be accurate if the frequency content of the load is
within the range where WSFE can predict the actual spectrum relation ac-
curately. As the allowable range, fN for a given N is a fixed fraction pN of
fnyq, it can be increased or decreased by decreasing or increasing �t respec-
tively. In Figures 6.14(a) and (b), results similar to Figures 6.13(a) and (b)
respectively are presented but here the simulations are done with �t = 2 μs.
By increasing �t, fnyq and correspondingly fN are decreased to 250 kHz and
150 kHz (N = 22), 90 kHz (N = 6) respectively. As for �t = 2 μs, fN is
less than 200 kHz for both N = 22 and N = 6, and hence this sampling
rate cannot simulate the wave propagation due to 200 kHz modulated sinu-
soidal loading as shown in Figure 6.14(a). Similarly, for sinusoidal loading of
110 kHz, though WSFE solution with N = 22 matches exactly with FE result
as shown in Figure 6.14(b), WSFE with N = 6 is unable to capture the actual
response. This is justified as it can be interpreted from Figure 6.3(b) that for
N = 22 the excitation frequency lies within the range fN = 150 kHz and is
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otherwise for N = 6, where fN = 90 kHz. Thus for WSFE with given N , �t
or fnyq should be such that fN is greater than the excitation frequency.

Next, non-periodic WSFE is used for analysis of wave propagation in an un-
damped fixed free rod of length L = 0.25 m. The unit impulse load is applied
at the free end in axial direction and axial velocity is measured at the tip.
As the excitation frequency here is much lower than that for modulated sinu-
soidal pulse used in previous examples, higher �t of 4 μs (fnyq = 128 kHz)
and 8 μs (fnyq = 64 kHz) are considered. The impulse spectrum is super-
imposed in Figures 6.4(a) and (b). For �t = 4 μs, all the frequencies, i.e.,
fnyq = 128 kHz, fN ≈ 77 kHz for N = 22 and fN ≈ 46 kHz for N = 6,
are higher than the excitation frequency and this can also be interpreted
from Figure 6.4(a). Thus it is expected that wave propagation analysis with
WSFE for �t = 4 μs will be correct for both N = 22 and N = 6. Similarly,
as shown in Figure 6.4(b), fnyq = 64 kHz, fN ≈ 38 kHz for N = 22, and
fN ≈ 23 kHz for N = 6. In this case the excitation frequency band exceed,
fN for N = 6 and also slightly for N = 22 and thus unlike the previous case,
this will not simulate the exact response. These predictions are validated
with the responses presented in Figures 6.15(a) and (b). In Figure 6.15(a),
the tip axial velocities due to tip impulse load obtained using WSFE (N = 22
and N = 6) and �t = 4 μs are plotted. It can be seen that for �t = 4 μs
WSFE solution matches the exact solution for both N = 22 and N = 6 as
expected. In Figure 6.15(b), similar results are plotted except that �t = 8 μs
here. It can be observed that WSFE solution for N = 6 is highly distorted in
this case while for N = 22 the response is nearly accurate except some small
distortion. This can be justified as fN for N = 22 is very close to the exci-
tation frequency but is otherwise for N = 6. Thus �t required for accurate
simulation of wave propagation in finite structure due to broadband impulse
loading with non-periodic WSFE has to be determined similarly as for the
previous cases of modulated sinusoidal excitations. Next, a similar study is
performed for Euler-Bernoulli beam and Figure 6.16 shows the transverse ve-
locity of non-dispersive flexural wave due to sinusoidal pulse modulated at
200 kHz applied in transverse direction. The load is applied at a point C on
the infinite beam shown in Figure 5.15 and the velocity is measured at D at
a distance L = 0.5 m from C. In Figure 6.16, the responses obtained with
WSFE using �t = 2 μs, N = 22 and N = 6 are compared with exact results.
The result for N = 22 is accurate whereas for N = 6 slight deviations are
observed. The explanation for the above observations is similar to that given
for elementary rod and is as follows. The spectrum of the pulse is plotted in
Figure 6.6 and it can be seen that for �t = 1 μs the excitation frequency, i.e.,
200 kHz, is slightly more than fN for N = 6 but less for N = 22.

Next, WSFE is used to study wave propagation in a cantilever beam with
L = 0.25 m due to transverse unit impulse load applied at the free end. As
like the rod, non-periodic WSFE is used here, for such finite length beam.
As the excitation frequency of 44 kHz is lower here, higher �t can be used
and the impulse load spectrum is superimposed in spectrum relation shown
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FIGURE 6.13: Axial velocity measured at D (Figure 5.15), due to sinu-
soidal pulse modulated at (a) 200 kHz and (b) 110 kHz, applied at C with
�t = 1 μs and L = 0.5m
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FIGURE 6.15: Axial tip velocity of a fixed free rod (L = 0.25m) due to
tip unit impulse load applied in axial direction with (a) �t = 4 μs and (b)
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FIGURE 6.16: Transverse velocity measured at D (Figure 5.15), due to
sinusoidal pulse modulated at 200 kHz applied at C with �t = 1 μs and
L = 0.5m

in Figure 6.7(a) with �t = 4 μs. For this �t, since the excitation frequency
is within the range fN for both N = 22 and N = 6, WSFE will be able to
give the exact results. In Figure 6.17, this tip transverse velocity is plotted for
WSFE with N = 22, N = 6. Finally, the example of the Timoshenko beam
with flexural and shear modes is considered. A sinusoidal loading modulated
at frequency 110 kHz which is greater than the cut-off frequency is used to
capture the simultaneous existence of the coupled modes and the load spec-
trum is presented in Figure 6.9(a). In Figures 6.18(a) and (b), the responses
due to the above load are presented. The transverse velocity is measured at D
at L = 2 m from C where the load is applied in the transverse direction. The
simulations are done with �t = 2 μs and as discussed for elementary rod and
Euler-Bernoulli beam, for this�t, fN = 150 kHz for N = 22 and fN = 90 kHz
for N = 6 respectively. Thus WSFE with N = 22 will predict the exact ve-
locity history and this is validated with Figure 6.18(a) which shows that the
solution matches exactly with the corresponding FE solution. However, the
solution obtained from WSFE with N = 6 plotted in Figure 6.18(b) shows
spurious dispersion as expected. Here no propagating mode is clearly visible.

Next, numerical experiments are performed to study the response of Tim-
oshenko due to broad-band impulse load. The details of the loading have been
described earlier. The load is applied at the tip of a fixed-free beam of di-
mension similar to the Euler-Bernoulli beam and the tip transverse velocity is
measured. Unlike for Euler-Bernoulli beam here �t is taken even higher and
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FIGURE 6.17: Transverse tip velocity of a fixed free Euler-Bernoulli beam
(L = 0.25m) due to tip unit impulse load applied in transverse direction with
�t = 4 μs

is equal to 8 μs. In Figure 6.9(b), the superimposed spectrum of the impulse
load shows that its frequency content equal to 44 kHz is much greater than
fN = 23 kHz for N = 6 while slightly for N = 22 for which fN = 38 kHz.
The time domain response plotted in Figure 6.19 shows that WSFE solution
for N = 22 matches well with FSFE solution while the solution for N = 6
shows deviations.

To summarize, this chapter explains the use of WSFE formulated and pre-
sented in Chapter 4 for frequency domain analysis. It has been derived and
seen through examples that WSFE provides the frequency domain wave pa-
rameters like spectrum and dispersion relations accurately but only up to a
certain fraction of the Nyquist frequency. This analysis also helps to define
a threshold on the time sampling rate depending on the frequency content
of the load, to avoid spurious dispersion. The following chapters elaborate
the extension of WSFE method for modeling two-dimensional waveguides for
both time and frequency domain analysis.
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FIGURE 6.18: Transverse velocity measured at D (Figure 5.15), due to
sinusoidal pulse modulated at 110 kHz applied at C with �t = 2 μs and
L = 2.0m (a) FSFE and WSFE, N = 22; (b) WSFE, N = 6
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Chapter 7

Wavelet Spectral Finite Element:
Two-Dimensional Structures

In the last two chapters, the development of WSFE method for one-dimensional
structural waveguides has been explained for both time and frequency domain
analysis of wave propagation. In this chapter, the extension of the method
for modeling of two-dimensional waveguides is discussed. Here, apart from
the temporal approximation, where Daubechies scaling functions were used,
these functions are again used for approximation in one of the spatial dimen-
sions. This reduces the governing differential partial wave equations to ODEs
in terms of one spatial dimensions. These ODEs are solved in a way similar
to that explained in Chapter 5. Even here due to the localized nature of
the approximation bases, the formulated WSFE can model two-dimensional
waveguides with finite dimensions. The method is explained first for isotropic
plates and then for axisymmetric cylinders. Next the method is implemented
to model structures of higher complexities like folded plate, bi-material cylin-
der, and anisotropic laminated composites.

7.1 Governing differential wave equations for isotropic
plate

The displacement fields, according to Classical Plate Theory (CPT) [73],
are

U(x, y, z, t) = u(x, y, t)− z∂w/∂x (7.1)
V (x, y, z, t) = v(x, y, t)− z∂w/∂y (7.2)
W (x, y, z, t) = w(x, y, t) (7.3)

where u(x, y, t), v(x, y, t), and w(x, y, t) are the axial and transverse displace-
ments respectively along the mid-plane (see Figure 7.1(a)). The mid-plane of
the plate is at z = 0. The associated non-zero strains are obtained as

⎧
⎨

⎩

εxx

εyy

εxy

⎫
⎬

⎭
=

⎧
⎨

⎩

∂u/∂x
∂v/∂y

∂u/∂y + ∂v/∂x

⎫
⎬

⎭
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FIGURE 7.1: (a) Plate element and (b) nodal forces and displacements

+

⎧
⎨

⎩

−∂2w/∂x2

−∂2w/∂y2

−2∂2w/∂x∂y

⎫
⎬

⎭
= {ε0}+ {ε1} (7.4)

Here, εxx and εyy are the normal strains in x and y directions respectively,
while εxy is the in-plane shear strain. The constitutive relation for isotropic
materials is given as

⎧
⎨

⎩

σxx

σyy

σxy

⎫
⎬

⎭
=

⎡

⎣
Q11 Q12 0
Q12 Q22 0
0 0 Q66

⎤

⎦

⎧
⎨

⎩

εxx

εyy

εxy

⎫
⎬

⎭
(7.5)

where σxx and σyy are the normal stresses in x and y directions respectively
and σxy is the in-plane shear stress. The expressions for Qij in terms of
Young’s modulus E and Poisson’s ratio ν are given in reference [73]. The
force resultants are defined in terms of these stresses as

⎧
⎨

⎩

Nxx

Nyy

Nxy

⎫
⎬

⎭
=
∫

A

⎧
⎨

⎩

σxx

σyy

σxy

⎫
⎬

⎭
dA,

⎧
⎨

⎩

Mxx

Myy

Mxy

⎫
⎬

⎭
=
∫

A

z

⎧
⎨

⎩

σxx

σyy

σxy

⎫
⎬

⎭
dA, (7.6)

where the integration is performed over the cross-sectional area A. Substitut-
ing Equations 7.5 and 7.4 in Equation 7.6, and considering symmetric cross-
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section, the relations between the force resultants and displacement fields are
obtained as

⎧
⎨

⎩

Nxx

Nyy

Nxy

⎫
⎬

⎭
=

⎡

⎣
A11 A12 0
A12 A22 0
0 0 A66

⎤

⎦ {ε0}
⎧
⎨

⎩

Mxx

Myy

Mxy

⎫
⎬

⎭
=

⎡

⎣
D11 D12 0
D12 D22 0
0 0 D66

⎤

⎦ {ε1} (7.7)

The stiffness coefficients Aij and Dij are defined as

[Aij , Dij ] =
∫

A

Qij [1, z2]dA

Similarly, the inertial coefficients used in later part of the section are defined
as

[I0, I2] =
∫

A

ρ[1, z2]dA

where ρ is the mass density. Total strain Π and kinetic energies T are calcu-
lated as

Π =
1
2

∫ L

0

∫

A

(σxxεxx + σyyεyy + σxyεxy)dxdA (7.8)

T =
1
2

∫ L

0

∫

A

ρ(u̇2 + v̇2 + ẇ2)dxdA (7.9)

Using Hamilton’s principle, the minimization of the above energies with re-
spect to the three degrees of freedom (u, v, w) will give three differential
equations, which can be written in terms of the resultant forces and moments
as

∂Nxx/∂x+ ∂Nxy/∂y = I0ü (7.10)
∂Nxy/∂x+ ∂Nyy/∂y = I0v̈ (7.11)
∂2Mxx/∂x

2 + 2∂2Mxy/∂x∂y + ∂2Myy/∂y
2

= I0ẅ − I2(∂2ẅ/∂x2 + ∂2ẅ/∂y2) (7.12)

The governing differential equations can be written in terms of displacements
by substituting Equations 7.4 and 7.7 in Equations 7.10 to 7.12 as

A11∂
2u/∂x2 + (A12 +A66)∂2v/∂x∂y

+A66∂
2v/∂y2 = I0ü (7.13)

A66∂
2v/∂x2 + (A12 +A66)∂2u/∂x∂y

+A22∂
2v/∂y2 = I0v̈ (7.14)

D11∂
4w/∂x4 + 2(D12 + 2D66)∂4w/∂x2∂y2

+D22∂
4w/∂y4 = −I0ẅ

+I2(∂2ẅ/∂x2 + ∂2ẅ/∂y2) (7.15)
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The associated boundary conditions are

Nx = Nxxnx +Nxyny, Ny = Nxynx +Nyyny (7.16)
Mx = −Mxxnx −Mxyny,

My = −Mxynx −Myyny (7.17)
Q = (∂Mxx/∂x+ ∂Mxy/∂y + I2∂ẅ/∂x)nx

+(∂Mxy/∂x+ ∂Myy/∂y + I2∂ẅ/∂y)ny (7.18)

where Nx and Ny are the normal forces in x and y directions respectively.
My and Mx are the moments about x and y axes and Q is the transverse
shear force in z direction. For edges parallel to the y axis, nx = ±1 and
ny = 0; thus for modeling a rectangular plate, the boundary conditions given
by Equations 7.16 to 7.18 will contain only the terms associated with nx. In
addition, the shear resultant or the Kirchoff shear [28], V is obtained as

V = Q− ∂Mxy/∂y (7.19)

This modification is done by considering Mxy as a couple caused by vertical
forces at a small distance apart. This helps to reduce the number of boundary
forces to four namely Nx, Ny, V , and My as required by CPT. Using the
Equation 7.19, the boundary forces for edges parallel to y axis written in
terms of displacements are of the form

Nx = A11∂u/∂x+A12∂v/∂y

Ny = A66(∂u/∂y+ ∂v/∂x) (7.20)
My = D11∂

2w/∂x2 +D12∂
2w/∂y2 (7.21)

V = −D11∂
3w/∂x3 −D12∂

3w/∂x∂y2 + I2∂ẅ/∂x (7.22)

7.2 Reduction of wave equations through temporal ap-
proximation

The formulation of two-dimensional WSFE begins with the reduction of
the governing differential equation to another set of PDEs by Daubechies
scaling function-based transformation in time. The procedure is very similar
to that done for formulating one-dimensional WSFE explained in Chapter 5,
where the governing PDEs are reduced to sets of ODEs. The variables are
discretized at n points in the time window [0 tf ] with τ = 0, 1, . . . , n − 1
being the sampling points as given by Equation 5.2. For example, u0(x, y, t),
the axial mid-plane displacement of plate, can be approximated by scaling
function ϕ(τ) at an arbitrary scale as

u(x, y, t) = u(x, y, τ) =
∑

k

uk(x, y)ϕ(τ − k), k ∈ Z (7.23)
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where uk(x, y) (referred as uk hereafter) are the approximation coefficients at a
certain spatial dimension (x, y). The other displacements can be transformed
similarly.

Using the above approximation for u(x, y, t) and similarly for the other
displacements v(x, y, t) and w(x, y, t), Equation 7.13 can be written as

∑
k

(
A11

∂2uk

∂x2 + (A12 +A66) ∂2vk

∂x∂y +A66
∂2uk

∂y2

)
ϕ(τ − k)

= I0
�t2

∑
k ukϕ

′′(τ − k) (7.24)

Taking inner product on both sides of Equation 7.24 with the translates of
scaling function ϕ(τ − j), where j = 0, 1, . . . , n−1 and using their orthogonal
properties, we get n simultaneous PDEs as

A11
∂2uj

∂x2
+ (A12 +A66)

∂2vj

∂x∂y
+A66

∂2uj

∂y2

=
1
�t2

j+N−2∑

k=j−N+2

Ω2
j−kI0uk j = 0, 1, . . . , n− 1 (7.25)

After treating the boundaries using wavelet extrapolation technique, the
above Equations can be written in matrix form as

A11

{
∂2uj

∂x2

}
+ (A12 +A66)

{
∂2vj

∂x∂y

}
+ A66

{
∂2uj

∂y2

}

= [Γ1]2I0{uj} (7.26)

Following an eigenvalue analysis of Γ1, the decoupled PDEs can be obtained
as

A11
∂2ûj

∂x2
+ (A12 +A66)

∂2v̂j

∂x∂y
+A66

∂2ûj

∂y2
= −I0γ2

j ûj

j = 0, 1, . . . , n− 1 (7.27)

where ûj and similarly other transformed displacements are

ûj = Φ−1uj (7.28)

Φ being the eigenvector matrix of Γ1. Correspondingly, the final transformed
forms of Equations 7.14 and 7.15 are

A66
∂2v̂j

∂x2
+ (A12 +A66)

∂2ûj

∂x∂y
+A22

∂2v̂j

∂y2
= −I0γ2

j v̂j (7.29)

D11
∂4ŵj

∂x4
+ 2(D12 + 2D66)

∂4ŵj

∂x2∂y2
+D22

∂4ŵj

∂y4

= I0γ
2
j ŵj − I2γ2

j

(
∂2ŵj

∂x2
+
∂2ŵj

∂y2

)
(7.30)

© 2010 by Taylor and Francis Group, LLC



146 Wavelet Methods for Dynamical Problems

The force boundary conditions are also transformed in a similar way to the
final forms

A11
∂ûj

∂x
+A12

∂v̂j

∂y
= N̂xj

A66

(
∂ûj

∂y
+
∂v̂j

∂x

)
= N̂yj (7.31)

D11
∂2ŵj

∂x2
+D12

∂2ŵj

∂y2
= M̂yj (7.32)

−D11
∂3ŵj

∂x3
−D12

∂3ŵj

∂x∂y2
− I2γ2

j

∂ŵj

∂x
= V̂j (7.33)

j = 0, 1, . . . , n− 1

where N̂xj and similarly N̂yj , M̂yj , V̂j are the transformed Nx(x, y, t) and
Ny(x, y, t), My(x, y, t), V (x, y, t) respectively.

7.3 Reduction of wave equations through spatial approx-
imation

As mentioned earlier, the next step involved is to further reduce each of the
transformed and decoupled PDEs to a set of coupled ODEs using Daubechies
scaling function approximation in one of the spatial directions. Similar to time
approximation, the transformed variable is to be discretized in the spatial
window.

Here, the transformed and decoupled PDEs given by Equations 7.27, 7.29,
and 7.30 for j = 0, 1, . . . , n − 1 are reduced to a set of coupled ODEs using
Daubechies scaling function approximation in Y direction. The transformed
axial displacement ûj is discretized at m points in the spatial window [0, LY ],
where LY is the length in Y direction. Let ζ = 0, 1, . . . , m−1 be the sampling
points, then

y = �Y ζ (7.34)

where �Y is the spatial interval between two sampling points. The function
ûj(x, y) can be approximated by scaling function ϕ(ζ) at an arbitrary scale
as

ûj(x, y) = ûj(x, ζ) =
∑

k

ûlj(x)ϕ(ζ − l), l ∈ Z (7.35)

where ûlj(x, y) (referred to as ûlj hereafter) are the approximation coefficients
at a certain spatial dimension x. The other displacements v̂j(x, y), ŵ(x, y)
can be transformed similarly and Equation 7.27 can be written as

A11

∑

l

d2ûlj

dx2
ϕ(ζ − l) + (A12 +A66)

1
�Y

∑

l

dv̂lj

dx
ϕ′(ζ − l)
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+A66
1
�Y 2

∑

l

ûljϕ
′′(ζ − l) = −I0γ2

j

∑

l

ûljϕ(ζ − l) (7.36)

Taking the inner product on both sides of Equation 7.36 with the translates of
scaling function ϕ(ζ− i), where i = 0, 1, . . . ,m−1 and using their orthogonal
properties, we get m simultaneous ODEs as

A11
d2ûij

dx2
+ (A12 +A66)

1
�Y

i+N−2∑

l=i−N+2

dv̂lj

dx
Ω1

i−l + A66
1
�Y 2

i+N−2∑

l=i−N+2

ûljΩ2
i−l

= −I0γ2
j ûij i = 0, 1, . . . ,m− 1 (7.37)

where N is the order of Daubechies wavelet and Ω1
i−l and Ω2

i−l are the con-
nection coefficients for first and second order derivatives respectively.

It can be seen from the ODEs given by Equation 7.37 that, similar to
time approximation, here also certain coefficients ûij near the vicinity of the
boundaries (i = 0 and i = m − 1) lie outside the spatial window [0 LY ]
defined by i = 0, 1, . . . ,m − 1. These coefficients must be treated properly
for finite domain analysis. However here, unlike time approximation, these
coefficients are obtained through periodic extension, but only for free lateral
edges, while other boundary conditions are imposed quite differently using
a restrain matrix [77, 13] and is discussed in detail in the later part of the
section.

7.3.1 Un-restraint boundary condition

The unrestrained, i.e., free-free boundary condition, may also be imposed
in a similar way using restrain matrix but it has been seen from the numeri-
cal experiments that the use of periodic extension gives accurate results. In
addition, it allows decoupling of the ODEs using eigenvalue analysis and thus
reduces the computational cost. Here, after expressing the unknown coeffi-
cients lying outside the finite domain in terms of the inner coefficients consid-
ering periodic extension, the ODEs given by Equation 7.37 can be written as
a matrix equation of the form

A11

{
d2ûij

dx2

}
+ (A12 +A66)[Λ1]

{
dv̂ij

dx

}
+A66[Λ1]2 {ûlj}

= −I0γ2
j {ûij} (7.38)

where [Λ1] is the first order connection coefficient matrix obtained after peri-
odic extension and it is of the form given in Equation 6.3 in Chapter 2, except
that 1

�t is replaced by 1
�Y . The coupled ODEs given by Equation 7.38 are de-

coupled using eigenvalue analysis similar to that done in time approximation
as

Λ1 = ΨΥΨ−1 (7.39)
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where Υ is the diagonal eigenvalue matrix and Ψ is the eigenvector matrix of
Λ1. It should be restated here that matrix Λ1 has a circulant form and its
eigen parameters are known analytically [21]. Let the eigenvalues be ıβi, then
the decoupled ODEs corresponding to Equation 7.38 are

A11
d2ũij

dx2
− ıβi(A12 +A66)

dṽij

dx
− β2

i A66ũlj = −I0γ2
j ũij

i = 0, 1, . . . ,m− 1 (7.40)

where ũj and similarly other transformed displacements are

ũj = Ψ−1ûj (7.41)

Following exactly the similar steps, the final transformed and decoupled forms
of the Equations 7.29 and 7.30 is

A66
d2ṽij

dx2
− ıβi(A12 +A66)

dũij

dx
− β2

iA22ṽij = −I0γ2
j ṽij (7.42)

D11
d4w̃ij

dx4
− 2β2

i (D12 + 2D66)
d2w̃ij

dx2
+ β4

iD22w̃ij

= I0γ
2
j w̃ij − I2γ2

j

(
d2w̃ij

dx2
− β2

i w̃ij

)
(7.43)

Similarly, the transformed form of the force boundary conditions given by
Equations 7.31 to 7.33 are

A11
dũij

dx
− ıβiA12ṽij = Ñxij A66

(
−ıβiũij +

dṽ0ij

dx

)
= Ñyij (7.44)

D11
d2w̃ij

dx2
− β2

iD12w̃ij = M̃yij (7.45)

−D11
d3w̃ij

dx3
+ ıβiD12

d2w̃ij

dx2
− I2γ2

j

dw̃ij

dx
= Ṽij

i = 0, 1, . . . ,m− 1 (7.46)

The final transformed ODEs are given by Equations 7.40, 7.42, 7.43, and the
boundary conditions.

7.3.2 Restraint boundary condition

Next, for imposition of other restrained boundary conditions along the lat-
eral edges of plate structure, first Equation 7.37 is written in a different form
as

A11
d2ûij

dx2
+ (A12 +A66)

1
�Y

m−1∑

l=i−N+2

dv̂lj

dx
Ω1

i−l

+A66
1
�Y 2

m−1∑

l=i−N+2

ûljΩ2
i−l = −I0γ2

j ûij i = 0, 1, . . . ,m− 1 (7.47)
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This is done by taking the inner product on both sides of Equation 7.36 with
the translates of scaling functions ϕ(ζ − i), where i = 0 to (m− 1)− (N − 2)
instead of i = 0 to (m− 1). Thus, the above Equation 7.47 can be written in
a matrix form as

A11

{
d2ûij

dx2

}
+ (A12 +A66)[Λ1

R]
{
dv̂ij

dx

}
+A66[Λ1

R]2 {ûlj}

= −I0γ2
j {ûij} (7.48)

where [Λ1
R] is a (m+N−2)×(m+N−2). Now, at the two lateral boundaries

given by y = 0 and y = LY , ûj(x, y) or ûj(x, ζ) can be written in terms of
the coefficients ûij as

ûj(x, 0) =
0∑

l=−N+2

ûljϕ(−l) (7.49)

ûj(x, LY ) = ûj(x,m− 1) =
m−1∑

l=m−N+2

ûljϕ(m− 1− l) (7.50)

From Equations 7.49 and 7.50, the coefficients û(−N+2)j and û(m−1)j are de-
rived in terms of the other coefficients and a (m+N−2)×(m+N−2) restrain
matrix [R] can be formed which is used for transformation from unrestrained
to restrained coefficients as

{ûij}restrained = [R] {ûij}unrestrained (7.51)

when the boundary conditions are specified in terms of the displacements.
Similarly for boundary conditions given in terms of their derivatives, e.g.,
slope, Equation 7.51 can be written as

{
dûij

dy

}

restrained

= [R]
{
dûij

dy

}

unrestrained

(7.52)

The restrain matrix [R] is rank deficient and its order is equal to the number
of boundary conditions specified. [R] is formed by inserting two rows obtained
from Equation 7.49 and 7.50 to a (m + N − 2) ×m identity matrix. Thus,
after imposing the restrain, e.g., for a fixed-fixed boundary condition given
by ûj(x, 0) = v̂j(x, 0) = 0 and ûj(x, LY ) = v̂j(x, LY ) = 0, Equation 7.48 will
be of the form

A11

{
d2ûij

dx2

}
+ (A12 +A66)[Λ1

R][R]
{
dv̂ij

dx

}

+A66[Λ1
R]2[R] {ûij} = −I0γ2

j {ûij} (7.53)

Similarly, the other equation corresponding to Equation 7.29 is

A66

{
d2v̂ij

dx2

}
+ (A12 +A66)[Λ1

R][R]
{
dûij

dx

}

+A22[Λ1
R]2[R] {v̂ij} = −I0γ2

j {v̂ij} (7.54)
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Again, for fixed-fixed boundary condition (out-of-plane loading), ŵj(x, 0) =
∂ŵj/∂y(x, 0) = 0 and ŵj(x, LY ) = ∂ŵj/∂y(x, LY ) = 0 and the final reduced
ODEs obtained from Equation 7.30 are

D11

{
d4

bwij

dx4

}
+ 2(D12 + 2D66)[Λ1

R][R][Λ1
R][R]

{
d2

bwij

dx2

}

+D22[Λ1
R]3[R][Λ1

R][R] {ŵij} = I0γ
2
j {ŵij}

−I2γ2
j

({
d2

bwij

dx2

}
+ [Λ1

R][R][Λ1
R][R]{ŵij}

)
(7.55)

As mentioned earlier, the matrices involved in Equations 7.53 to 7.55 are rank
deficient by two and thus the first and last rows and columns are truncated to
solve the equations that are required for the spectral finite element formulation
discussed in the next section. The coefficients û(−N+2)j and û(m−1)j are then
obtained from the other coefficients using Equations 7.49 and 7.50 respectively.
The boundary conditions, Equations 7.31 to 7.33 after transformation and
imposition of restrains, are

A11

{
dûij

dx

}
+A12[Λ1

R][R] {v̂ij} =
{
N̂xij

}

A66

(
[Λ1

R][R] {ûij}+
{
dv̂ij

dx

})
=
{
N̂yij

}
(7.56)

D11

{
d2ŵij

dx2

}
+D12[Λ1

R][R][Λ1
R][R] {ŵij} =

{
M̂yij

}
(7.57)

−D11

{
d3ŵij

dx3

}
−D12[Λ1

R][R]
{
d3ŵij

dx2

}
− I2γ2

j

{
dŵij

dx

}
=
{
V̂ij

}
(7.58)

7.4 Wavelet spectral finite element for plate

The degrees of freedom associated with the element formulation are shown
in Figure 7.1(b). The element has four degrees of freedom per node, which
are ũij , ṽij , w̃ij , and ∂w̃ij/∂x. From the Section 7.3, for unrestrained lateral
edges, we get a set of decoupled ODEs (Equations 7.40, 7.42, and 7.43) for
isotopic plate using CPT, in the transformed wavelet domain. These equa-
tions are required to be solved for ũij , ṽij , w̃ij and the actual solutions
u(x, y, t), v(x, y, t), w(x, y, t) are obtained using inverse wavelet transform
twice for spatial Y dimension and time. Here, the spectral finite element tech-
nique is explained for the decoupled ODEs given by Equations 7.40, 7.42, and
7.43 for unrestrained i.e., free lateral edges. However, for restrained boundary
conditions the transformed ODEs given by Equations 7.53 to 7.55 are coupled
and spectral finite element formulation for such cases follows similar steps,
except that for each time discretization point j, m−N ×m−N matrix ODE
is solved instead of m decoupled ODEs.
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It can be seen that the transformed decoupled ODEs have forms similar
to that in one-dimensional WSFE in Chapter 5 and, thus, WSFE for two-
dimensional structure can be formulated following the same method. In this
section, the subscripts j and i are dropped hereafter for simplified notations
and all the following equations are valid for j = 0, 1, . . . , n − 1 and i =
0, 1, . . . , m− 1 for each j.

The exact interpolating functions for an element of length LX can be ob-
tained by solving Equations. 7.40, 7.42, and 7.43 after posing them as a PEP
as explained in Section 5.10. Let us consider the displacement vector ũ as
follows,

ũ =

⎧
⎨

⎩

ṽ1
ṽ2
ṽ3

⎫
⎬

⎭
=

⎧
⎨

⎩

ũ(x)
ṽ(x)
w̃(x)

⎫
⎬

⎭
(7.59)

Now, assuming a solution of ũ as

ũ = ũ0e
−ikx ũ0 =

⎧
⎨

⎩

ũ0

ṽ0
w̃0

⎫
⎬

⎭
(7.60)

Substituting Equation 7.60 into the Equations 7.40, 7.42, and 7.43 a PEP of
the following form can be posed,

{A4k
4 + A2k

2 + A1k + A0}ũ0 = 0 (7.61)

where

A4 =

⎡

⎣
0 0 0
0 0 0
0 0 D11

⎤

⎦ A2 =

⎡

⎣
−A11 0 0

0 −A66 0
0 0 2β2(D12 + 2D66)− I2γ2

⎤

⎦

A1 =

⎡

⎣
0 β(A12 +A66) 0

β(A12 +A66) 0 0
0 0 0

⎤

⎦

A0 =

⎡

⎣
I0γ

2 0 0
0 I0γ

2 − β2A22 0
0 0 β4D22 − I0γ2 − I2γ2β2

⎤

⎦

As mentioned earlier, the wavenumbers k are obtained as eigenvalues of the
PEP given by Equation 7.61. Similarly, the vector ũ0 is the eigenvectors
corresponding to each of the wavenumbers. The solution of Equation 7.61
gives a 3 × 8 eigenvector matrix of the form

[R] =

⎡

⎣
R11 . . . . . . R18

R21 . . . . . . R28

R31 . . . . . . R38

⎤

⎦ (7.62)
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Therefore, the solution of ũ can be written as

{ũ} = [R][Θ]{a} (7.63)

where [Θ] is a diagonal matrix with the diagonal terms [e−k1x, e−k1(LX−x),
e−k2x, e−k2(LX−x), e−k3x, e−k3(LX−x), e−k4x, e−k4(LX−x)].

Here, {a} = {C1, C2, C3, C4, C5, C6, C7, C8} are the unknown coeffi-
cients to be determined from transformed nodal displacements {ũe}, where
{ũe} = {ũ1 ṽ1 w̃1 ∂w̃1/∂x ũ2 ṽ2 w̃2 ∂w̃2/∂x} and ũ1 ≡ ũ(0), ṽ1 ≡ ṽ(0),
w̃1 ≡ w̃(0), ∂w̃1/∂x ≡ ∂w̃(0)/∂x and ũ2 ≡ ũ(LX), ṽ2 ≡ ṽ(LX), w̃2 ≡ w̃(LX),
∂w̃2/∂x ≡ ∂w̃/∂x(LX) (see Figure 7.1(b) for the details of degree of free-
dom the element can support). Thus, similar to the formulation given in
Section 5.10 we can relate the nodal displacements and unknown coefficients
as

{ũe} = [T1]{a} (7.64)

Similarly, from the forced boundary conditions (Equations 7.44 to 7.46), nodal
forces and unknown coefficients can be related as

{F̃e} = [T2]{a} (7.65)

where {F̃e} = {Ñx1 Ñy1 Ṽ1 M̃y1 Ñx2 Ñy2 Ṽ2 M̃y2} and Ñx1 ≡ −Ñx(0), Ñy1 ≡
−Ñy(0), Ṽ1 ≡ −Ṽ (0), M̃y1 ≡ −M̃y(0), and Ñx2 ≡ Ñx(LX), Ñy2 ≡ Ñy(LX),
Ṽ2 ≡ Ṽ (LX), M̃y2 ≡ M̃y(LX) (see Figure 7.1(b)). From Equations 7.64 and
7.65 we can obtain a relation between transformed nodal forces and displace-
ments similar to conventional FE

{F̃e} = [T2][T1]−1{ũe} = [K̃e]{ũe} (7.66)

where [K̃e] is the exact elemental dynamic stiffness matrix. After the con-
stants {a} are known from the above equations, they can substituted back to
Equation 7.63 to obtain the transformed displacements ũ0, ṽ0, w̃, ∂w̃/∂x at
any given x. Following is the Matlab program 7.1 for implementation of two-
dimensional WSFE for plate structure for in-plane wave propagation given by
Equations 7.13 and 7.14. The input to the program is the stiffness and iner-
tial constants as defined in the equations. These constants can be evaluated
using different Matlab functions arbitrarily named in the program as stiff and
mass. The load matrix, again arbitrarily named as fpulse.unt, contains the
magnitude of the load at a time instance ti and spatial position yj .

7.5 Wave propagation in isotropic plates

Here, the formulated two-dimensional WSFE is used to study axial and
transverse wave propagations in an isotropic aluminum cantilever plate in both
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___________________________________________________________
MATLAB PROGRAM 7.1
___________________________________________________________
load fpulse.unt;
F=fpulse; dt=1e-06; % sampling time
[n,m]=size(F); Ly=0.5; dy=Ly/(m-1);
L=2.0; x=2.0; % Length LX
% STIFFNESS & INERTIAL CONSTANTS
[A11,D11,A12,D12,A22,D22,A66,D66]=stiff; I0=mass;
% Daubechies basis function N=DL and order dn
DL=22; d=1;
% Connection Coeffs. for Temporal Approximation
CC2=wavenp(DL,n,d); % Connection Coefficients
%
[VNP,D]=eig(CC2); DNP=j*(1/dt)*diag(D); DL=4;
% Connection Coeffs. for Spatial approximation
K1_omega=(1/dy)*ccoeff(DL,d);
for i1=1:m

DP(i1)=K1_omega(1,1);
for q=1:DL-2

DP(i1)=2*K1_omega(q+1,1)*sin(2*pi*(i1-1)*q/(m))+DP(i1);
end

end
for i2=1:m,

for k=1:m
VP(i2,k)=exp(-2*pi*j*(i2-1)*(k-1)/m);

end
end
%
FN=inv(VP)*((inv(VNP)*F).’);
%
CONST_R=zeros(2,4); CONST_N=zeros(2,4);
% CHARACTERISTIC EQUATIONS
for ii=1:n

ii
lambda=DNP(ii);
for l=1:m

zeta=DP(l);
% PEP 1 for axial deformation
PA1=[-A11 0;0 -A66]; PA2=[0 -zeta*(A12+A66);...

-zeta*(A12+A66) 0];
PA3=[lambda^2*I0-zeta^2*A66 0; 0 lambda^2*I0-zeta^2*A22];
[CONST_R,k_j]=polyeig(PA3,PA2,PA1);
[kj,I]=sort(k_j);

© 2010 by Taylor and Francis Group, LLC



154 Wavelet Methods for Dynamical Problems

___________________________________________________________
MATLAB PROGRAM 7.1 (Contd.)
___________________________________________________________

for r=1:4
CONST_N(:,r)=CONST_R(:,I(r));
end

%****************************************************
h=1; for p=1:2 if sign(imag(kj(h)))==1

TEMP=CONST_N(:,h);
CONST_N(:,h)=CONST_N(:,h+1);
CONST_N(:,h+1)=TEMP;
temp=kj(h);
kj(h)=kj(h+1);
kj(h+1)=temp;

end
h=h+2;

end
%*****************************************************
EL1=exp(-j*kj(1)*L); EL2=exp(-j*kj(3)*L);
% ESSENTIAL BOUNDARY CONDITION
DG1=diag([1;EL1;1;EL2]); T11=CONST_N*DG1; DG2=diag([EL1;1;EL2;1]);
T12=CONST_N*DG2; T1=[T11;T12];
% FORCED BOUNDARY CONDITION
% axial force
for il=1:4
P(1,il)=-j*kj(il)*A11*CONST_N(1,il)-j*zeta*A12*CONST_N(2,il);
VT(1,il)=-j*A66*(zeta*CONST_N(1,il)+kj(il)*CONST_N(2,il)); end
P1=P*DG1; P2=P*DG2; V1=VT*DG1; V2=VT*DG2;
%
T2=[P1;V1;-P2;-V2]; KD=T2*inv(T1); KD(1:2,:)=[]; KD(:,1:2)=[];
%
U=[FN(l,ii) 0]*inv(KD);
%
ue=[0; 0; U(1,1); U(1,2)]; const=inv(T1)*ue;
DGX=diag([exp(-j*kj(1)*x) exp(-j*kj(1)*(L-x)) exp(-j*kj(3)*x) ...

exp(-j*kj(3)*(L-x))]);
w_k_t1(l,ii)=-j*lambda*CONST_N(1,:)*DGX*const;
w_k_t2(l,ii)=-j*lambda*CONST_N(2,:)*DGX*const;
end
end
t=0:dt:(n-1)*dt; WT1=VP*w_k_t1; w_k1=VNP*(WT1.’);
v1=imag(w_k1(:,m/2)); % axial wave response @ mid-point
WT2=VP*w_k_t2; w_k2=VNP*(WT2.’);
v2=imag(w_k2(:,m/2)); % lateral wave response @ mid-point
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FIGURE 7.2: Cantilever uniform plate

time and frequency domains. The plate shown in Figure 7.2 is fixed at one edge
and free at the other edge along Y -axis. Numerical experiments are performed
by considering the other two edges alongX-axis to be free-free and fixed-fixed.
The dimensions are LX and LY along X- and Y -axes, respectively, while the
depth (= 2h) is kept fixed at 0.01 m for the uniform plate shown in Figure 7.2.
However, both the lengths of the plate are kept small to show the effectiveness
of the developed modeling technique in capturing the effects of these edges on
the wave propagation behavior. The impulse load is applied at the free edge
along the Y -axis and has a spatial distribution of F (Y ) = e−(Y/α)2 , where α
is a constant and can be varied to change the Y -axis variation of the load.

The spatial sampling rate �Y is varied depending on LY and load distri-
bution F (y). As mentioned earlier, only one 2-D WSFE is used to simulate
the responses of the uniform plate shown in Figure 7.2.

The accuracy of the responses simulated using the developed two-dimensional
WSFE is validated with 2-D FE results. The FE meshing is done with 4-noded
quadrilateral plane stress elements. Time integration is done using Newmark’s
scheme with time step 1 μs. The WSFE results are also compared with those
obtained using the Fourier transform-based method to emphasize the advan-
tages of the former method for wave propagation analysis of 2-D structures
with finite dimension.

7.5.1 Frequency domain analysis

The spectrum relation for the plate with LY = 0.25 m shown in Figure 7.2
is plotted in Figures 7.3(a) and (b) for axial wave propagation. The real and
imaginary parts of the wavenumbers are plotted in Figures 7.3(a) and (b)
respectively for a Y wavenumber of 50 with �t = 8 μs, i.e., for Nyquist fre-
quency fnyq = 62.5 kHz. Comparison is also made with the results obtained
using Fourier transform-based method and it can be seen that WSFE predicts
accurate wavenumbers, however, up to a certain fraction pN of the Nyquist
frequency fnyq. Here, we see that the wavenumbers have significant real and
imaginary parts. That is, the wave, as it propagates, also attenuates. Such
waves are called inhomogeneous waves. As said earlier, this fraction pN de-
pends on the order of the Daubechies scaling function and is ≈ 0.6 for N = 22.
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First, in Figures 7.4(a) and (b), the real and imaginary parts of the wavenum-
bers for transverse wave propagation are shown respectively. The wavenum-
bers are plotted up to the Nyquist frequency fnyq = 62.5 kHz for time sam-
pling rate �t = 8 μs and the Y -wavenumber considered is 100. From the
figures, we see that the waves are inhomogeneous in nature. As in the pre-
vious case of axial wave propagation, the wavenumbers obtained from both
FSFE and WSFE are presented and can be seen that WSFE gives accurate
prediction up to the allowable frequency range, i.e., the fraction pN of fnyq.

7.5.2 Time domain response of plate to impulse load

Figures 7.5(a) and (b) show the axial velocities of a cantilever plate as in
Figure 7.2(a), measured at mid and quarter points respectively, on the free
edge AB along the Y-axis. Here, the results simulated with the formulated
2-D WSFE are compared with 2-D FE results for validation. It can be seen
that the responses obtained with the two methods match very well. The
plate has a finite dimension of LX = 4.0 m and LY = 0.5 m and is free-free
on the other two edges AC and BD along X-axis. LY is purposely chosen
to be much smaller than LX so as to show that the developed WSFE can
efficiently capture the reflections from lateral edges AC and BD apart of those
from the fixed edge CD. The impulse load (Figure 5.2) with α = 0.05 for Y-
variation is applied along the edge AB in axial direction. As mentioned earlier
only one WSFE is used to model the structure and the time window is kept
Tw = 1024 μs with number of sampling points n = 512 and �t = 2 μs.
The number of discretization points along Y-axis is m = 64 and thus the
spatial sampling rate is �Y = LY /(m− 1) = 0.0079 m. A very refined mesh
with 12864, 4-noded plane stress quadrilateral elements was used for the 2-D
FE analysis, while Newmark’s scheme with time step 1 μs was used for time
integration.

Similar comparison between WSFE and 2-D FE results is made in Fig-
ure 7.6(a); however, here the two edges AC and BD are considered fixed.
Otherwise the plate dimensions and loading conditions are same as the previ-
ous example. The axial velocities plotted are measured at mid-point of AB.
Even for this case, the responses compare very well. It can be seen from the
figure that the first reflection from fixed edges AC and BD is reversed if com-
pared with the similar response of the free-free plate shown in Figure 7.5(a).
In Figure 7.6(b), the axial velocity at the mid-point of AB simulated with a
single WSFE is plotted and shows good comparison with 2-D FE result for
a plate very similar to that in last example, except LY = 0.25 m. The unit
impulse load is applied along AB in axial direction; however, here α = 0.03
for Y -variation. The FE mesh, time integration scheme, and the parameters
involved in WSFE modeling are similar to the previous case.

The previous examples considered in-plane wave propagation in an isotropic
plate. The next few examples show the implementation and validation of
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FIGURE 7.3: The (a) real and (b) imaginary parts of the wavenumbers
for axial wave propagation
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FIGURE 7.4: The (a) real and (b) imaginary parts of the wavenumbers
for transverse wave propagation
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FIGURE 7.5: Axial velocity of free-free cantilever plate (see Figure 7.2)
with LX = 4.0 m and LY = 0.5 m as measured at (a) mid and (b) quarter
points of the free end AB
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WSFE method for simulation of out-of-plane wave propagation in plate.
The transverse velocities at mid and quarter points on the free edge AB of

the cantilever plate shown in Figure 7.2(a) are presented in Figures 7.7(a) and
(b) respectively. The responses obtained using the present two-dimensional
WSFE method are compared with two-dimensional FE results and a good
match is observed. The two edges AC and BD of the plate are free and the
dimensions are given as LX = 4.0 m and LY = 0.5 m. The unit impulse load is
applied along the free edge AB in transverse direction and the Y -distribution
is obtained using α = 0.05. Single WSFE is used to simulate the responses
with n = 1024, �t = 2 μs and thus Tw = 2048 μs. The spatial sampling rate
is �Y = 0.0079 m, number of sampling points being m = 64. The FE mesh
has 12864, 4-noded plane stress quadrilateral elements and time integration
is done using Newmark’s scheme with time step 1 μs.

As an advanced problem, the simulation of wave propagation in composite
laminates with symmetric and asymmetric ply-up are presented. The formula-
tion of WSFE for such composite structures is not presented mostly because it
is a straightforward extension of the formulation for isotropic plates. In addi-
tion, formulation of WSFE for higher order composite beam with asymmetric
ply lay-up has been presented in Section 5.9 of Chapter 5.

The first example considered is an uniform cantilever AS4/3501-6 graphite-
epoxy plate as shown in Figure 7.2 with material properties given in Table 5.2.
Figures 7.8(a) and (b) show the snapshots of the axial velocities of the lam-
inate with a symmetric ply orientation of [08], at time instances T = 250 μs
and T = 375 μs respectively. The plate dimensions are LX = 2.0 m and
LY = 0.5 m, and is modeled using single WSFE with m = 64 sampling points
in Y direction. The impulse load as in Figure 5.2 is applied along edge AB in
axial direction and the Y variation is obtained with α = 0.05. The snapshot
at T = 250 μs shows the forward moving axial wave, while at T = 375 μs the
wave reflected from the fixed end of the cantilever plate can be captured. It
should be mentioned here that the velocities at all the sampling points along
Y direction and at any point along X direction used to obtain the snapshots
are obtained from a single simulation. In Figures 7.9(a) and (b) the snapshots
of the transverse velocities of the cantilever plate with a symmetric ply ori-
entation of [08] are presented for time instances T = 500 μs and T = 1000 μs
respectively. The dimensions and the loading conditions are kept the same
except that the loading here is applied in transverse direction. WSFE model-
ing is also performed with the similar parameters. Here, both the snapshots
show the forward propagation of the flexural waves and the dispersive nature
of these waves can also be observed.

The axial velocities at the mid point of edge AB of the cantilever graphite-
epoxy plate used in the previous example with LX = 0.5 m and LY = 0.25
m are plotted in Figure 7.10(a). The laminates have asymmetric ply lay-ups
[04/904] and [04/604]. These responses are due to the impulse load applied
along AB in transverse direction and result from the axial-flexural coupling
arising due to the asymmetric ply lay-up. The Y variation of the load is ob-
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tained with α = 0.03. The amplitude of incident wave for [04/904] is more
than [04/604] due to lower stiffness of the former ply lay-up. In Figure 7.10(b)
the transverse velocities at mid-point of edge AB due to the load applied in
axial direction are plotted. These responses result from the axial-flexural cou-
pling. However, the amplitudes of these velocities arising due to the coupling
vary considerably with the ply orientations and as expected are higher for
[04/904] due to its lower stiffness.

7.5.3 Wave propagation in ply-dropped plate

Ply dropping is done to taper a composite plate and is very much in use in
many composite structures. This example of wave propagation in ply dropped
plate due to impulse load is performed to emphasize the effectiveness of the
present method in modeling such complex structures. The configuration of
the plate is shown in Figure 7.11(a) and the overall dimension is LX = 1.5 m
and LY = 0.5 m. The plate is divided into three regions along X direction.
From the fixed end to 0.5 m, the ply lay-up is [04/904] and the total thick-
ness is h1 = 0.01 m. For the next 0.5 m, two plies are reduced. Here the
thickness is h2 = 0.0075 m and the lay-up is [03/903]. The last part has a
thickness of h3 = 0.005 m and the lay-up is [02/902]. As there are two dis-
continuities present, three WSFE are assembled to model the plate and the
number of sampling points along Y direction is m = 64 with �Y = 0.008 m.
The unit impulse load is applied along edge AB and the Y variation of the
load is obtained with α = 0.05. In Figure 7.12(a), the axial velocity measured
at the mid-point of edge AB due to load in axial direction is plotted. The
axial velocity of corresponding uniform cantilever plate without ply drop and
LX = 1.5 m and LY = 0.5 m is also plotted for comparison. As expected, the
amplitude of the incident wave for the uniform plate is considerably less than
that for ply dropped plate. In addition, there are also much differences in
the reflected waves arriving later. This is because, apart from the reflections
from the lateral free edges and the fixed edge, the response of the ply dropped
plate consists of reflections from the discontinuities present. These reflections
are absent in the response of the uniform plate. In Figure 7.12(b), the corre-
sponding transverse velocities due to transverse impulse load are plotted for
both ply dropped and uniform plates. Similar to the axial velocities, here also
there is a prominent difference in the amplitudes of the incident waves for the
uniform and ply dropped plates. As explained earlier, the reflected waves also
show considerable variations.

7.5.4 Wave propagation in folded plate structure

Next, wave propagation analysis in a folded plate structure, shown in Fig-
ure 7.11(c), is done using the formulated WSFE method. The folded plate
model is obtained by assembling three two-dimensional WSFE. The number
of sampling points along y direction is m = 32 for all the three plates. The
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plates have the same dimensions of Lx = 0.5 m and Ly = 0.5 m and a sym-
metric ply lay-up of [08]. The two slanted plates are at an angle of 60o to the
X direction and the two ends denoted as AG and DH are considered fixed.
Assembling is done along the local x direction (see Figure 7.11(c)) after the
required transformation similar to conventional 1-D FE. The unit impulse
load shown in Figure 5.2 is applied along edge BE and CF. The Y variation
of the load is obtained with α = 0.1. In Figures 7.13(a) and (b), the axial and
transverse velocities measured at the mid-point of the edge BC, due to the
above mentioned load applied in axial (X) and transverse (Z) directions, are
plotted respectively. These numerical experiments show the capability of the
present method to analyze the rather complicated folded plate structures.

7.6 Governing differential wave equations for axisym-
metric cylinder

The governing differential equations for a hollow cylindrical structure [53]
are generally written in cylindrical coordinate system (r, θ, z), which denotes
the radial, the circumferential, and the axial directions respectively. The dis-
placement components are u, v, and w in radial, circumferential, and axial
directions respectively. For axisymmetric condition, the circumferential dis-
placement v and the variations of the other two displacements with respect
to θ are not considered in the modeling. Thus the equations of motion for an
axisymmetric isotropic hollow cylinder contain only displacements u, w with
variations along r, z (see Figure 7.14) and time t, and can be written as

(λ + 2μ)∇2
0Δ = ρ

∂2Δ
∂t2

c2d∇2
0Δ =

∂2Δ
∂t2

, c2d = (λ+ 2μ)/ρ (7.67)

μ∇2
1�θ = ρ

∂2
�θ

∂t2

c2s∇2
1�θ =

∂2
�θ

∂t2
, c2s = μ/ρ (7.68)

where ∇2
n for subscripts n = 0 and 1 is defined as

∇2
n ≡

∂2

∂r2
+

1
r

∂

∂r
− n2

r2
+

∂2

∂z2
(7.69)

The variables Δ and �θ are dilation and rotation vectors reduced for axisym-
metric motions as

Δ =
1
r

∂(ru)
∂r

+
∂w

∂z
(7.70)
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�θ =
∂u

∂z
− ∂w

∂r
(7.71)

and λ, μ are the Lame’s constants and ρ is the mass density. From Equa-
tions 7.70 and 7.71, the displacements can be written in a decoupled form
as

∇2
1u =

∂Δ
∂r

+
∂�θ

∂z
(7.72)

∇2
0w =

∂Δ
∂z
− 1
r

∂(r�θ)
∂r

(7.73)

The associated boundary conditions are given as

σr = λΔ + 2μ
∂u

∂r
(7.74)

σz = μ
∂u

∂z
+
∂w

∂r
(7.75)

where σr and σz are the radial and axial forces respectively acting on the
surface of the cylinder along z direction.

The governing PDEs and the associated boundary conditions derived here
are reduced to a set of ODEs using Daubechies scaling function [20] approx-
imation in time and one spatial dimension. The method has been explained
in detail in the previous Section 7.3. The reduced equations derived from
Equations 7.67 and 7.68 after temporal approximation are

c2d

[
∂2

∂r2
+

1
r

∂

∂r
+

∂2

∂z2

]
Δ̂j = −γ2

j Δ̂j (7.76)

c2s

[
∂2

∂r2
+

1
r

∂

∂r
− 1
r2

+
∂2

∂z2

]
�̂θj = −γ2

j �̂θj j = 0, 1, . . . , n− 1 (7.77)

Similarly, the transformed forms of the decoupled displacement equations
(Equations 7.72 and 7.73) and force boundary conditions (Equations 7.74
and 7.75) can be written as

∇2
1ûj =

∂Δ̂j

∂r
+
∂�̂θj

∂z
(7.78)

∇2
0ŵj =

∂Δ̂j

∂z
− 1
r

∂(r�̂θj)
∂r

(7.79)

σ̂rj = λΔ̂j + 2μ
∂ûj

∂r
(7.80)

σ̂zj = μ
∂ûj

∂z
+
∂ŵj

∂r
(7.81)

Following a scaling function transformation in z and decoupling through
eigenvalue analysis considering un-restrain boundary conditions, the Equa-
tions 7.76 and 7.77 can be further reduced to ODEs as

c2d

[
d2

dr2
+

1
r

d

dr
− β2

i

]
Δ̃ij = −γ2

j Δ̃ij i = 0, 1, . . . , m− 1 (7.82)
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c2s

[
d2

dr2
+

1
r

d

dr
− 1
r2
− β2

i

]
�̃θij = −γ2

j �̃θij (7.83)

Similarly the decoupled displacement equations given by Equations 7.78, 7.79,
and the boundary conditions Equations 7.80, 7.81 can be written as

[
d2

dr2
+

1
r

d

dr
− 1
r2
− β2

i

]
ũij =

dΔ̃ij

dr
− ıβ�̃θij (7.84)

[
d2

dr2
+

1
r

d

dr
− β2

i

]
w̃ij = −ıβiΔ̃ij − 1

r

d(r�̃θij)
dr

(7.85)

σ̃rij = λΔ̃ij + 2μ
dũij

dr
(7.86)

σ̃zij = −ıβiμũij +
dw̃ij

dr
(7.87)

The subscript i and j are dropped hereafter for simplified notations. All the
equations derived however have to be evaluated for i = 0, 1, . . . , n − 1 and
j = 0, 1, . . . ,m− 1.

7.7 Bessel function solution for axisymmetric cylinder

The degrees of freedom associated with element formulation are shown in
Figure 7.14. The element has two degrees of freedom per node, which are ũ
and w̃. The two sets of decoupled ODEs given by Equations 7.82 and 7.83
and the displacement relations Equations 7.84 and 7.85 are to be solved for ũ
and w̃. The actual solutions u(r, z, t) and w(r, z, t) are obtained using inverse
wavelet transform twice for temporal and spatial (axial) dimensions [100].

Here, the Bessel’s functions are used for solution of the transformed gov-
erning equations given by Equations 7.82 and 7.83. The solutions for Δ̃ and
�̃θ are obtained as

Δ̃(r) = C1J0(ker) + C2Y0(ker) (7.88)

�̃θ(r) = C3J1(ksr) + C4Y1(ksr) (7.89)

where k2
e = (γ2/c2d−β2), k2

s = (γ2/c2s−β2), and C1, C2, C3, C4 are constants.
Jn and Yn are Bessel’s functions of first and second kinds.

Substituting Equations 7.88, 7.89 in Equations 7.84, 7.85 and solving for ũ
and ũ gives [39]

ũ(r) = −ke[C1J1(ker) + C2Y1(ker)] − ıβ[C3J1(ksr) + C4Y1(ksr)] (7.90)
w̃(r) = −ıβ[C1J0(ker) + C2Y0(ker)]− ks[C3J0(ksr) + C4Y0(ksr)](7.91)
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The above solutions provide the interpolating functions for forming the ele-
mental dynamic stiffness matrix. The unknown constants {a} = {C1, C2,
C3, C4} can be determined from the transformed nodal displacements ũ(r),
w̃(r) at inner (r = ri) and outer (r = ro) radii. The nodal displacement vector
is {ũe} = {ũ1, w̃1, ũ2, w̃2}, where ũ1 = ũ(ri), w̃1 = w̃(ri), ũ2 = ũ(ro) and
w̃2 = w̃(ro). Thus we can relate nodal displacements and unknown constants
from Equations 7.90 and 7.91 as

{ũe} = [T1]{a} (7.92)

Substituting Equations 7.90 and 7.91 in the transformed force boundary con-
ditions given by Equations 7.86 and 7.87, they can be written as

σ̃r(r) = [−{(λ+ 2μ)k2
e − λβ2}J0(ker) + 2μk2

eJ1(ker)/(ker)]C1

+[−{(λ+ 2μ)k2
e − λβ2}Y0(ker) + 2μk2

eY1(ker)/(ker)]C2

+2ıμksβ[J0(ksr)− J1(ksr)/(ksr)]C3

+2ıμksβ[Y0(ksr)− Y1(ksr)/(ksr)]C4 (7.93)
σ̃z(r) = −2ıμβke[J1(ker)C1 + Y1(ker)]
−μ(k2

s − β2)[J1(ksr)C3 + Y1(ksr)C4] (7.94)

From the two above equations, the nodal force vector {Fe}= {σ̃r1, σ̃z1, σ̃r2,
σ̃z2} can be related to the constants {a} as

{F̃e} = [T2]{a} (7.95)

where σ̃r1 = σ̃r(ri), σ̃z1 = σ̃z(ri), σ̃r2 = σ̃r(ro) and σ̃z2 = σ̃z(ro). Finally
from Equations 7.92 and 7.95, a relation between transformed nodal forces
and displacements is obtained as

{F̃e} = [T2][T1]−1{ũe} = [K̃e]{ũe} (7.96)

where [K̃e] is the exact elemental dynamic stiffness matrix.

7.8 Wave propagation in isotropic axisymmetric cylin-
ders

In this section, the developed two-dimensional WSFE is used to analyze
axisymmetric radial and axial wave propagations in isotropic cylinders due
to the broad-band impulse excitation. First, the simulations are performed
for an aluminum hollow cylinder free at both ends and internal pressures
acting in radial and axial directions. The cylinder has an inner radius r = ri,
outer radius r = ro, and the axial length is Lz, as shown in Figure 7.15(a).
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The loading condition is shown in Figures 7.16(a) and (b) for radial and
axial pressures respectively. Next, a more complex structure of a bi-material,
i.e., aluminum-steel (see Figure 7.15(b)) cylinder is considered for analysis.
The material properties of the aluminum and steel cylinders are considered
respectively as follows, Young’s modulus Ea = 70 GPa and Es = 200 GPa,
mass densities ρa = 2700 kg/m3 and ρs = 7860 kg/m3, and Poisson’s ratio
ν = 0.3. Here, the spatial sampling rate �z is varied depending on LZ . As
mentioned earlier, for the aluminum cylinder in Figure 7.15(a), only one 2-D
WSFE is used to simulate the responses, independent of its dimensions. For
bi-material cylinder in Figure 7.15(b), two elements are required for modeling
due to the discontinuity present in the problem.

7.8.1 Wavenumber computation

The spectrum relations for an aluminum hollow cylinder with ri = 0.02 m
and ro = 0.03 m at different radii r obtained from the wavenumber compu-
tation discussed earlier are plotted in Figures 7.17(a) to (c). Figures 7.17(a)
to (c), respectively, show the real or propagating part of the wavenumbers
for r = 0.02, 0.025, and 0.03 m. These wavenumbers have significant imagi-
nary parts which imply that the waves are inhomogeneous in nature; in other
words, they attenuate while they propagate. As the radius is moved from
inner to outer radius, the cut-off frequency which is the frequency at which
the wavenumber is zero is also driven outward to a higher frequency. The
wavenumbers are plotted for an axial (Z) wavenumber of β = 50 and are
obtained with �t = 4 μs, i.e., for Nyquist frequency of fnyq = 125 kHz.

7.8.2 Time domain analysis

Here, first the responses obtained using the formulated element are val-
idated with two-dimensional FE analysis. In Figures 7.18(a) and (b), the
radial velocities for an aluminum cylinder with ri = 0.05 m, ro = 0.1 m, and
Lz = 2.0 m are plotted and compared with FE results. Figures 7.18(a) and
(b) show the radial velocities at mid-point (at Lz/2 from free ends) and at
inner r = ri and outer radii r = ro respectively. Load applied is the unit
impulse as discussed earlier and shown in Figure 5.2. It is applied as an uni-
form pressure Pi (see Figure 7.16(a)) in the radial direction along the inner
surface (r = ri). As an example, such internal pressure can be encountered
in fluid carrying pipes and other cylindrical pressure vessels. The FE results
are obtained using ANSYS 10.0, with 10220, 4-noded quadrilateral axisym-
metric element (PLANE42) mesh. Newmark’s scheme with time step 2 μs is
used for time integration. A further refinement of the FE mesh does not give
significant difference in results. WSFE for this example is formulated with
N = 22, time interval �t = 2 μs, and time window Tw = 512 μs. Similar
axial velocity responses are plotted in Figures 7.19(a) and (b) under same
loading conditions as before except that here they are applied in axial direc-

© 2010 by Taylor and Francis Group, LLC



Wavelet Spectral Finite Element: Two-Dimensional Structures 167

tion (see Figure 7.16(b)). Figures 7.19(a) and (b) show the axial velocities at
r = ri and r = ro at distances Lz/2 from the free ends respectively. Even
here, the responses are validated with FE results and it can be seen that the
responses compare very well. The modeling parameters for WSFE and the
FE mesh are kept the same as in the previous case of radial velocities. Next,
WSFE is used to model a relatively complex structure of bi-material, i.e.,
aluminum-steel cylinder. The configuration is shown in Figure 7.15(b), where
the inner cylinder is composed of aluminum and is surrounded by a concentric
steel cylinder. The innermost radius is ri = 0.05 m, radius of the interface is
rm = 0.09 m, and the outermost radius is ro = 0.1 m. Length of the cylinder
is Lz = 2.0 m and the impulse load (see Figure 5.2) is applied uniformly at
the inner surface r = ri as an internal pressure in radial/axial directions. As
stated earlier, two WSFE are required to model the structure because of the
presence of discontinuity. WSFE modeling involves m = 64 spatial sampling
points. In Figures 7.20(a) and (b), the radial and axial velocities measured at
the mid-point (Lz/2) and r = ri are plotted. The responses are also compared
with those of an aluminum cylinder of same dimensions. The amplitude of
the incident wave for the aluminum cylinder is much more than that of the
aluminum-steel cylinder as expected as the latter has a much higher stiffness.
Comparisons are also provided with FE results for the aluminum-steel cylin-
der. The FE mesh and the Newmark’s time integration scheme are the same
as the previous example. It can be seen that the responses match well with
the FE results for both radial and axial wave propagations.

In brief, the formulation of two-dimensional WSFE for finite dimensional
waveguides are presented in this chapter. The method use Daubechies scaling
function transform in temporal and one spatial dimension. The method is then
used to simulate time and frequency domain wave propagation in isotropic
plate under in-plane and out-of-plane loading, and axisymmetric cylinders.
Problems of higher complexities like plate with ply-drops, folded plate struc-
ture, and anisotropic composite plates are modeled to emphasize the efficiency
of this wavelet-based technique. In the next two chapters, the one- and two-
dimensional WSFE presented so far will be implemented to model single- and
multi-walled carbon nanotubes and nano-composites as continuum beams and
shells.
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FIGURE 7.6: Axial velocity of fixed-fixed cantilever plate (see Fig-
ure 7.2(a)) with LX = 4.0 m, (a) LY = 0.5 m and (b) LY = 0.25 m measured
at mid-point of free end AB
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FIGURE 7.7: Transverse velocity of free-free cantilever plate (see Fig-
ure 7.2(a)) with LX = 4.0 m and LY = 0.5 m as measured at (a) mid and (b)
quarter points of the free end AB
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FIGURE 7.8: Snapshots of axial velocities at time instances (a) T = 250 μs
and (b) T = 375 μs in a [0]8 cantilever plate due to tip impulse load applied
in axial direction
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FIGURE 7.9: Snapshots of transverse velocities at time instances (a) T =
500 μs and (b) T = 1000 μs in a [0]8 cantilever plate due to tip impulse load
applied in transverse direction
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FIGURE 7.10: (a) Axial and (b) transverse velocities at mid-point of edge
AB in asymmetric graphite-epoxy laminates due to tip impulse load applied
in transverse and axial directions along AB, respectively
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FIGURE 7.11: (a) Ply drop and (b) folded plates
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FIGURE 7.12: (a) Axial and (b) transverse velocities of asymmetric
[04/904] uniform and ply dropped plate
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FIGURE 7.13: (a) Axial and (b) transverse velocities at mid-point of BC
of [08] folded plate (Figure 7.11(c)) due load applied along edge BE and CF
in axial and transverse directions, respectively
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FIGURE 7.14: Axisymmetric element with nodal displacements and forces
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FIGURE 7.15: (a) Aluminum and (b) aluminum-steel hollow cylinders
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(a) (b)
FIGURE 7.16: (a) Radial and (b) axial internal and external pressure
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FIGURE 7.17: Real parts of wavenumbers at (a) r = ri, (b) r = (ri+ro)/2,
and (c) r = ro
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FIGURE 7.18: Radial velocities at mid-point along the axial direction at
(a) r = ri and (b) r = ro due to internal radial pressure
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FIGURE 7.19: Axial velocities at mid-point along the axial direction at
(a) r = ri and (b) r = ro due to internal axial pressure
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FIGURE 7.20: (a) Radial and (b) axial velocities in bi-material Al-steel
cylinder at mid-point along axial direction at r = ri
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Chapter 8

Vibration and Wave Propagation in
Carbon Nanotubes

This chapter explains the application of WSFE developed for one- and two-
dimensional nanotube waveguides to study vibration and wave properties of
carbon nanotubes (CNTs). Over the last decade, with the advent of nano-
structured material, a large group of researchers in computational mechanics
are directing their efforts to understand the mechanical properties of such
structures. This is primarily because these structures possess immense po-
tential to serve as excellent structural material with enhanced functionality.
Here, WSFE is used to model CNTs using continuum shell and beam theories
to obtain vibrational and wave characteristics. The models are developed for
both single walled and multi-walled carbon nanotubes.

8.1 Carbon nanotubes: introduction

After their discovery in 1991 by Ijima [41], a great deal of theoretical and
experimental studies [43] have been directed toward understanding the proper-
ties of carbon nanotubes (CNTs) due to their enormous applications. These
applications have been foreseen because of the superior physical properties
which include large stiffness (of the order of 1 TPa), improved thermal (sta-
ble up to 2800o C) and electrical (1000 times of copper) conductivity, and
low density (1/6 of steel). These properties result from the symmetric struc-
tures of CNTs which can be thought of as graphene sheets rolled into a tube.
Graphene is formed as 2-D sheet of carbon atoms arranged in a hexagonal
array. The atomic structure of the nanotube is characterized by the chiral
vector �Ch and chiral angle θ. The size, mechanical, thermal, and electrical
properties of CNTs are dependent on these atomic structures. The struc-
tures of CNTs are mainly of two types, zig-zag and armchair. The arm-
chair nanotubes exhibit better ductility and conductivity than zig-zag CNTs.
Apart from single-walled carbon nanotubes (SWNTs) having hollow cylindri-
cal configuration, CNTs are also formed with the structures of several co-
axial SWNTs held together with weak van der Waals forces and these are
called multi-walled carbon nanotubes (MWNTs). The dimensions of CNTs
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© 2010 by Taylor and Francis Group, LLC



184 Wavelet Methods for Dynamical Problems

are within the following ranges, thickness 0.0066 to 0.34 nm, radius 0.4 to 100
nm, and length varying between 1 nm to 1 μm. The distance between the
walls of MWNTs is in general approximately 0.34 nm. As said before, the
high strength of CNTs is a powerful motivation for their use as reinforcing
materials to form high strength, lightweight composites generally referred to
as nano-composites. Embedding of CNTs will help to enhance the damping
characteristics, increase buckling capacity, and improve resistance to higher
temperature (re-entry vehicle).

Parallel to the extensive experimental study to understand the mechanical
behavior of CNTs, equal effort is being given to develop computational mod-
els. These theoretical studies can be broadly divided into atomistic modeling
and continuum modeling. The most popular atomistic modeling techniques
include molecular dynamics (MD), tight binding molecular dynamics (TBMD)
and density functional theory (DFT). Although these atomistic simulations
have been used successfully to simulate the properties of CNTs, the associ-
ated large computational cost restricts their use particularly for large scale
simulations. This limitation of atomistic modeling encouraged researchers to
look into the suitability of using continuum mechanics to model CNTs and
nano-composites. Such continuum modeling has been proved to be efficient in
predicting several mechanical properties of these nano-structures. Different
beam theories, linear and non-linear shell theories, and non-local elasticity
approaches have been adopted for modeling CNTs considering them to be
continuum [90, 95, 98, 99, 104].

The vibration and wave propagation analysis of CNTs [35] are relevant due
their various applications [30] which include sensors [51, 50], actuators [32, 5],
resonator and oscillator [49, 87, 107], transport, and optical phenomena. Even
for such analysis, use of both atomistic and continuum models are presented
in literature. It is well known that CNTs can propagate waves of very high
frequency content (of the order of Tera-Hertz). At such high frequencies,
continuum models based on FE methods cannot be adopted due to their lim-
itation of limiting the element size to that of wavelength, which is very small
at such frequencies. Hence, spectral finite element method is an ideal can-
didate for such situations. In addition, SFE allows to study the frequency
domain wave characteristics which is not possible with other techniques. This
study for CNTs will bring out several wave propagation features, which are
not observed in cases of macro-scale structures.
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8.2 Axisymmetric shell model of single-walled carbon
nanotubes

In this chapter, first the modeling of single-walled carbon nanotube (SWNT)
is done by assuming it as an axisymmetric cylinder [66]. The two-dimensional
WSFE model for such structures has already been developed in the last chap-
ter, for wave propagation analysis in aluminum cylinders. Similar element
is used here, except that it is used at nano-scale to study high frequency
and wave propagation characteristics in SWNT. Thus the formulation of two-
dimensional WSFE is not repeated in this chapter and only numerical exper-
iments are presented and analyzed.

8.2.1 Frequency domain analysis

Here numerical experiments are performed to study the effects of thick-
ness, 2h and radius, R of the SWNT on the higher axisymmetric vibra-
tional modes. The vibration includes predominantly radial breathing modes
(RBMs) and longitudinal modes, and coupled radial-longitudinal modes. Here
the uncoupled pure twisting mode resulting from circumferential displace-
ment is not considered. The bulk material properties are Young’s modulus
Eh = 360 J/m2 [102], mass density ρh = 2270 × 0.34 kg/m3, and Poisson’s
ratio ν = 0.2 [99]. In particular these parameters are not dependent on the
definition of the thickness 2h [102]. The variation of Young’s modulus with the
radius is not well defined. In reference [54] it has been stated that the Young’s
modulus does not vary with the radius, while a variation has been predicted
in references [78, 12]. Considering uniform Young’s modulus irrespective of
radius varying between 0.3-1.0 nm, the fundamental RBM frequencies are
found to follow the 1/2R law in tune with the experimental results [15]. Thus
in this work, the Young’s modulus is considered to be independent of ra-
dius. The radius R of (N,N) SWNT is calculated as R = 3NaC−C/(2π) [14],
where aC−C is carbon bond length and equal to 0.142 nm. The inner and
outer radii are referred to as a = R − h and b = R + h respectively. The
frequencies are expressed in optical units cm−1, where the conversion is given
as 1 Hz = 3.336× 10−11 cm−1.

First validation of the developed SWNT model is done by comparing the
simulated results with those available in literature. In Figure 8.1, the acous-
tic phonon dispersion relation of a (10, 10) SWNT with R = 0.678 nm and
2h = 0.09 nm is presented for the axisymmetric condition. Comparisons are
made with the corresponding results (n = 0) obtained from abinitio [103] and
3-D elasto-dynamic continuum [15] models. In the figure, the frequencies in
optical unit are presented for varying longitudinal wavenumber Kz normal-
ized as Kza. In the present formulation Kz represents β as in Equation 7.82.
Similar to reference [55, 15], the dispersion relation is obtained by equating
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FIGURE 8.1: Axisymmetric acoustic phonon dispersion relation for a
(10, 10) SWNT with R = 0.678 nm and 2h = 0.09 nm (‘−o−’ present model,
‘∗’ continuum model Ref. [15] and ‘−’ abinitio model Ref. [103])

the determinant of the matrix [C] in Equation 7.95 to zero and solving for
γ, for different values of β, i.e., Kz. Though the radial and longitudinal
displacements are only considered in this work, here the axisymmetric cir-
cumferential displacement is also studied and compared. It can be seen that
the acoustic phonon dispersion relation predicted by the present model is in
good agreement with that obtained from references [103, 15].

Next, the higher axisymmetric vibrational modes are studied to understand
the effect of geometrical parameters on these higher natural frequencies. Fig-
ure 8.2(a) shows the variation of the first two RBMs with 2h for a SWNT
of R = 0.678 nm and length L = 25 nm. The wall thickness is varied from
2h = 0.24 nm to 0.34 nm. It can be seen that the first frequency of RBM
is not dependent on the SWNT wall thickness considered in the continuum
model. This is in tune with that stated in reference [15] and other theoretical
work [55, 98]. The first RBM frequency calculated is 179 cm−1 which com-
pares well with the value 182 cm−1 derived in reference [15] and is close to the
experimental value [81], 186 cm−1. A better match between the results can be
obtained by fitting the bulk material properties like Young’s modulus, mass
density, and Poisson’s ratio. However, interestingly, it has been observed that
the higher RBM frequencies vary considerably with the SWNT wall thick-
ness. One explanation for this behavior is that at higher RBM modes, the
deformation vary along the thickness of the SWNT. In other words, at higher
frequencies, local deformation of the SWNT wall occurs along with the overall
radial breathing deformation. This makes the higher RBM frequencies depen-
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dent on the wall thickness. Apart from this, at higher frequencies the effect
of radial-longitudinal coupling is more prominent which may also be a reason
for such behavior. However, this observation is of much importance as it sug-
gests that in continuum modeling the wall thickness has to be fitted from the
experimental results to correctly predict the higher RBM frequencies unlike
the first RBM frequency. From Figure 8.2(a), it can be seen that the second
RBM frequencies follow a linear variation with wall thickness and have nearly
similar slopes.

In Figure 8.2(b), the first two RBM frequencies of SWNT are plotted for
varying radius R from 0.3 nm to 1.0 nm. The length of SWNT is L =
25 nm and 2h = 0.34 nm. It can be seen that the variation of first RBM
frequency is linear and obeys the 1/2R rule. This has been predicted in
reference [42]. Here, the variation of the first RBM frequency is obtained as
243 cm−1 (nm/2R) which compares well with the value 246 cm−1 (nm/2R)
obtained in reference [15]. Even here, the higher RBM frequencies show a
counterintuitive behavior. These frequencies do not vary significantly with
the increase in the R as seen from the figure. Again the complicated nature
of the higher frequencies due to the local deformation of SWNT wall and
increased effect of longitudinal-radial mode coupling may be an explanation
of this behavior.

However, it should be mentioned here that the characteristics of higher
RBM frequencies have been studied within a certain region of 2h and R.
Though in this work the viable ranges of 2h and R have been considered, it
is probable that the trend may vary over other ranges of these parameters.
Furthermore, it has been observed by performing numerical experiments that
for a given R, the length L of SWNT has no significant effect on these fre-
quencies except for very low slenderness (L/R) ratio which is not common in
carbon nanotubes.

Figure 8.3(a) show the frequencies of the first two longitudinal vibrational
modes of a SWNT with L = 25 nm, R = 0.678 nm, and 2h varied over 0.24
to 0.34 nm. It can be seen that both the frequencies have a linear variation
with the wall thickness. Such variation is much justified as the longitudinal
stiffness and thus the corresponding frequency is primarily dependent on the
wall thickness. The slopes of the plots are nearly equal for both the modes.
The rate of decrease of the longitudinal frequencies with the increase of 2h is
high and hence only a small range is considered for the study. In addition, the
frequencies of the longitudinal modes are much higher than the correspond-
ing radial modes. As an example for (10,10) SWNT with R = 0.678 nm and
2h = 0.34 nm, the frequency of fundamental longitudinal mode is 692 cm−1

while that of fundamental RBM is 179 cm−1. Thus for determining the lon-
gitudinal vibrational frequencies using continuum model, the wall thickness
plays an important role even for the first mode. Hence, this parameter should
also be fitted with the experimental results. In Figure 8.3(b), the first two
longitudinal mode frequencies of the SWNT with L = 25 nm and 2h = 0.34
nm are plotted for different R. It is observed that these frequencies are not
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FIGURE 8.2: Variation of frequencies of SWNT with (a) wall thickness
2h and (b) radius R, for first five radial vibrational modes
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influenced by the R. Similar to the RBMs, even here the length has no effect
on the frequencies of longitudinal mode for L/R < 10.

The frequencies of radial and longitudinal modes presented in the last two
examples though have the effect of the radial-longitudinal coupling particu-
larly at the higher mode; they are predominantly radial or longitudinal modes.
However, there exists a mode which results purely from the coupling as has
also been reported in literature [15, 14] and this causes the coupled vibration,
i.e., a radial vibration occurs due to purely axial excitation and vice versa. In
Figure 8.4(a), the dependence of the first two frequencies of this coupled mode
with thickness 2h is shown for a SWNT with R = 0.678 nm and L = 25 nm.
The wall thickness are varied from 2h = 0.24 to 0.34 nm. Even here, the first
frequency is invariant to 2h, while the other two higher frequencies have linear
variation. The frequency of the first coupled mode is very near to the first
RBM frequency while the other higher modal frequencies vary considerably.
Figure 8.4(b) shows the frequencies of radial-longitudinal coupled mode of a
SWNT with 2h = 0.34 nm and L = 25 nm for varying R from 0.3 to 1.0 nm.
Again here, the trend of variation is similar to that of the RBM frequencies.
This coupled vibrational mode is also independent of L for a slenderness ratio
L/R < 10.

8.2.1.1 Time domain analysis

The time domain analysis of responses of carbon nanotubes to excitation
signals has wide scope and applications in sensor development. Unlike the
Fourier transform-based analysis, the present wavelet-based formulation al-
lows accurate simulations of time domain responses along with the frequency
domain analysis provided earlier. In this section, the effect of wall thickness
and radius of SWNT on the responses are studied. The SWNT considered has
a length of L = 25 nm and is free-free at ends. A very short duration (0.05
ps) impulse load with frequency content 0 − 45 THz is applied at mid-point
of the SWNT along the outer surface, r = b, in radial or axial direction. As
a result of the radial-longitudinal coupling present, a loading in radial direc-
tion results in longitudinal deformation and correspondingly the axial loading
causes radial deformation. In the present case, the excitation is high frequency
broadband and hence apart from the first mode, the higher modes participate
in the response. Thus for such excitation, the continuum model should be
able to capture the higher vibrational modes of the SWNT accurately. In
addition, due to the participation of the higher frequencies, even when the
parameters like wall thickness and radius do not effect the frequencies of a
single vibrational mode largely, they may influence the overall time domain
response to a great extent. This has been emphasized through numerical
experiments, which show that the geometrical parameters of SWNT have a
prominent influence on the time domain response.

In Figures 8.5(a) and (b), the snapshots of radial wave propagation in
SWNT with different R and 2h are shown at time instances T1 = 0.5 ps and
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FIGURE 8.3: Variation of frequencies of SWNT with (a) wall thickness
2h and (b) radius R, for first five longitudinal vibrational modes
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FIGURE 8.4: Variation of frequencies of SWNT with (a) wall thickness 2h
and (b) radius R, for first five longitudinal radial coupled vibrational modes
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(5, 5) SWNT, L = 20 nm, R = 0.339 nm and 2h = 0.34 nm

(7, 7) SWNT, L = 20 nm, R = 0.475 nm and 2h = 0.34 nm

(5, 5) SWNT, L = 20 nm, R = 0.339 nm and 2h = 0.09 nm
(a) (b)

FIGURE 8.5: Radial wave propagation snapshots at instances (a) 0.5 ps
and (b) 1.0 ps

T2 = 1.0 ps respectively. The snapshots are presented for the deformations at
r = R. These wave propagations result from the impulse loading as described
earlier and applied at mid-point of SWNT in radial direction at T0 = 0.1 ps.
The results are presented for three SWNT configurations with R = 0.339 and
2h = 0.34 nm, R = 0.475 and 2h = 0.34 nm, and R = 0.339 and 2h = 0.09
nm. It can be observed that changing the wall thickness from 2h = 0.34 nm
to 2h = 0.09 nm for a (5, 5) SWNT, the vibration pattern changes consider-
ably, though it has been observed from the study of RBM frequencies earlier
(see Figure 8.2(a)) that the frequencies of only higher RBMs are affected by
the parameters 2h. This may be again justified by the explanation given in
the last paragraph. Similar difference in the wave transmission snapshots is
observed when the radius of SWNT is increased from R = 0.339 nm to 0.475
nm. This difference may have resulted from the effect of R on the first RBM
frequency (see Figure 8.2(b)).

8.3 Thin shell model of multi-walled carbon nanotubes

Apart from axisymmetric and three-dimensional shell models of CNTs, sub-
stantial work on simplified Flügge’s thin shell model of CNTs has been re-
ported in literature. While in the axisymmetric models, displacements can be
considered to vary of axial and radial dimensions, in thin shell theories, the
displacements vary only in axial and circumferential directions. Thus, the ax-
isymmetric and three-dimensional elasto-dynamic shell model can be used for
any arbitrary wall thickness of CNTs while Flügge’s shell theory [99] is based
on thin wall assumption. Flügge’s shell theory however has been widely used
for buckling, vibration, and wave propagation analysis of SWNT, MWNT,
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and also CNT embedded nano-composites.
In this section, MWNTs are modeled as continuum cylindrical shells us-

ing Flügge’s theory, with the walls coupled through inter-wall van der Waals
(vdW) forces. The model is developed considering variation only along the
circumferential (θ) direction, while displacements along axial, radial, and cir-
cumferential directions are considered. The WSFE model is then used to
study wave properties of single, double, and three walled carbon nanotubes.
The properties include wavenumbers, wave speeds, and time history of the
wave response due to high frequency impulse load.

8.3.1 Governing differential equations

In this work, as mentioned before, the governing wave equations for a
MWNT are obtained using simplified Flügge equations for elastic shells. They
are modified to take into account the interlayer coupling given by the vdW
forces. For any arbitrary kth wall, the three equations are as follows,
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where x and θ are the axial and circumferential dimensions respectively, while
rk is the radius of the kth tube and t is the time. uk, vk, and wk are the
displacements in axial, circumferential, and radial directions respectively for
the kth wall. D is the effective bending stiffness, E is the Young’s modulus,
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ρ is the mass density, and ν is the Poisson’s ratio and h is the thickness
of each wall assumed for continuum modeling. The different values of these
parameters are discussed in detail in Section 8.4 on numerical experiments. As
said before, the governing equation corresponding to the radial displacement
wk given by Equation 8.3 for the kth is coupled through the term pk which
denotes the internal pressure resulting from vdW force and is given as

p1 = c(w2 − w1) (8.4)

pk = c(wk+1 − wk)− crk−1

rk
(wk − wk−1) for k = 2, 3, . . . , N − 1 (8.5)

pN = −crN−1

rN
(wN − wN−1) (8.6)

Here, c is the vdW interaction coefficient and is taken as

c =
320× erg/cm2

0.16d2
(d = 1.42× 10−8 cm)

For WSFE formulation, the associated force boundary conditions are required
and they are derived as follows [28]. The resultant forces for the kth are given
as
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Similarly, the resultant moments are given as
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From the resultant forces and moments given by Equations 8.7 and 8.8 re-
spectively, the forces and moments at the boundary can be written as

Qu = Nθx (8.9)

Qv = Nθθ +
1
rk
Mθθ (8.10)

Qw = − 1
rk

∂Mθθ

∂θ
− 2

∂Mθx

∂x
(8.11)

Qm = Mθθ (8.12)

The governing equations (Equations 8.1 to 8.3) and the force boundary condi-
tions (Equations 8.9 to 8.12) obtained using the Flügge’s theory have variation
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in both axial (x) and circumferential (θ) directions. However, in this work,
the WSFE model of the MWNT is developed considering variation only in θ
direction. The reduced governing equations are of the following form,
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Thus, it can be seen from Equations 8.13 to 8.15 that the reduced equations
are coupled only for the radial and circumferential motions, while the axial
motion is uncoupled. The associated reduced boundary conditions are
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These reduced partial differential wave equations are used to formulate the
WSFE model for MWNT in the next subsection.

8.3.2 Spectral finite element formulation

The governing equations 8.13 to 8.15 and the associated boundary condi-
tions 8.16 to 8.19 are first reduced to ODEs using Daubechies scaling function
as explained in the earlier chapters. The decoupled reduced ODEs correspond-
ing to Equations 8.13 to 8.15 are as follows, with l varying from 0 to n− 1
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(1− ν2)ûl (8.20)

1
r2
d2v̂l

dθ2
+

1
r

dŵl
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where the notations carry their defined meaning.
Similarly, the boundary conditions given by Equations 8.16 to 8.19 are

transformed as
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d2ŵl

dθ2

)
(8.24)

Q̂wl =
D

r4

(
d2v̂l

dθ2
+
d3ŵl
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The spectral finite element has four degrees of freedom per node which
are ûl, v̂l, ŵl, and d bwl

dθ . The exact interpolating functions for an element of
circumferential length se = rθe, obtained by solving Equations 8.20 to 8.22
respectively, are

{û(θ), v̂(θ), ŵ(θ)}T = [R][Θ]{a} (8.27)

where [Θ] is a diagonal matrix with the diagonal terms [e−k1θ, e−k1(θe−θ),
e−k2θ, e−k2(θe−θ), e−k3θ, e−k3(θe−θ), e−k4θ, e−k4(θe−θ)] and [R] is a 3×8 am-
plitude ratio matrix for each set of k1, k2, k3, and k4. Next, following the pro-
cedure of WSFE formulation, the exact dynamic stiffness matrix is obtained
relating the transformed nodal displacements {ûe} with the transformed nodal
forces {F̂e}. Here, {ûe} = {û1 ŵ1 dŵ1/dθ û2 ŵ2 dŵ2/dθ} and û1 ≡ û(0), v̂1 ≡
v̂(0), ŵ1 ≡ ŵ(0), dŵ1/dx ≡ dŵ(0)/dx and û2 ≡ û(θe), v̂2 ≡ v̂(θe), ŵ2 ≡ ŵ(θe),
dŵ2/dθ ≡ dŵ/dθ(θe) and {F̂e} = {Q̂u1 Q̂v1 Q̂w1 Q̂m1 Q̂u2 Q̂v2 Q̂w2 Q̂m2} and
Q̂u1 ≡ Q̂u(0), Q̂v1 ≡ Q̂v(0), Q̂w1 ≡ Q̂w(0), Q̂m1 ≡ Q̂m(0) and Q̂u2 ≡ Q̂u(θe),
Q̂v2 ≡ Q̂v(θe), Q̂w2 ≡ Q̂w(θe), Q̂m2 ≡ Q̂m(θe).

The assembly of the elemental dynamic stiffness matrix to obtain the global
stiffness matrix of the MWNT is explained through the example of a three
walled carbon nanotube shown in Figure 8.6. The outermost wall of the
MWNT is divided into two elements which are connected through two nodes
using compatibility of displacements at the connecting nodes.

8.4 Frequency domain analysis

First, the wave properties are studied in the frequency domains. These
include wavenumbers and group speed. The wavenumbers are studied for
single-, double-, and three-walled carbon nanotubes with a fixed radius of the
innermost tube. The thickness of each tube is taken as 0.34 nm, unless oth-
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FIGURE 8.6: Schematic of the WSFE model of a three-walled carbon
nanotube

erwise mentioned. The group speeds are obtained for a single-walled carbon
nanotube with different radii.

The bulk material properties are Young modulus, Eh = 360 J/m2 [102],
mass density, ρh = 2270 × 0.34 kg/m3, and Poisson’s ratio, ν = 0.2 [98]. In
particular these parameters are not dependent on the definition of thickness
2h [102].

In Figures 8.7(a) to (c), the normalized wavenumbers KθR are presented
for single-, double-, and three-walled carbon nanotubes respectively. The bold
line shows the real part of the wavenumbers and the dotted line shows the
imaginary part. In all the three cases, the innermost radius is R = 2.0 nm.
A SWNT has three wave modes, namely, axial, circumferential, and radial.
Correspondingly, double-, and three-walled nanotubes have six and nine wave
modes, three for each wall. It can be seen from Figure 8.7(a) that the axial
wavenumbers vary linearly with the frequency. This implies that the axial
mode is non-dispersive in nature, i.e., the wave speeds do not vary with the
frequency. As a result, the axial waves do not change their shapes as they
propagate. The axial mode is purely real and hence does not dissipate as it
propagates. On the other hand, the radial and the circumferential modes are
dispersive in nature, or their shapes change as they propagate. In addition,
both these modes have considerable imaginary part, which implies that these
modes are dissipative in nature. From Figure 8.7(a), it can be observed that
the circumferential mode has a frequency band within which it does not prop-
agate. This can be considered as a cut-off frequency band within which the
circumferential wave mode does not propagate. The radial mode, however,
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does not have such cut-off frequency band. It is dispersive in nature simi-
lar to the circumferential mode. As mentioned earlier, Figures 8.7(b) and (c)
show the wavenumbers for two- and three-walled carbon nanotubes. The two-
walled nanotube has a total of six wave modes, three for each wall. Similarly,
the three-walled nanotube has nine wave modes. In Figures 8.7(b) and (c),
similar patterns of the wave modes are observed. For the outer walls, however,
the width of cut-off frequency band for the circumferential mode decreases.
Again the magnitude of the wavenumbers for the outer walls increases with
respect to the inner wall.

The group speeds of circumferential and radial wave modes of a SWNT are
plotted in Figures 8.8(a) and (b), respectively for radius R = 0.678 nm and
2.0 nm. It can be seen that the group speed for the circumferential mode is
zero within the cut-off frequency band. After this frequency band, the group
speed is nearly constant with the variation of frequency. Apart from this, this
constant value of circumferential wave velocity is independent of the radius, as
it is observed from Figures 8.7(a) and (b). This is in tune with that observed
in reference [48], where an atomistic simulation is done to obtain the wave
velocities in SWNT. From Figure 8.8(b) it can be observed that the cut-off
frequency band for SWNT with R = 2.0 nm is much smaller compared to
that for SWNT with R = 0.678. In addition, this cut-off band occurs at
a much lower frequency range for R = 2.0 nm than R = 0.678 nm. The
radial mode, however, has a non-zero group speed over the entire frequency
range. The group speed for the radial mode is nearly equal to the group
speed of the circumferential mode at higher range of frequencies, while there
is considerable difference at lower frequencies, approximately below 20 THz.
The axial wave velocity does not vary with frequency and also is invariant of
the radius of SWNT. The axial wave velocity predicted by the present method
is 14.0 km/s. The corresponding velocity predicted by Yu et al. [105] is 17.5
km/s.
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FIGURE 8.7: Normalized wavenumber (KθR) for (a) single-walled, (b)
double-walled, and (c) three-walled carbon nanotubes
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FIGURE 8.8: Group speeds of SWNT with inner radius (a) 0.678 nm and
(b) 2.0 nm

8.5 Time domain analysis

Next, the time domain responses of SWNT and MWNT are simulated. The
wave propagation results from short duration impulse load of frequency con-
tent 44 THz and duration 50 ps. These loads are applied at diametrically
opposite nodal point on the CNT walls (see Figure 8.6). The axial, circum-
ferential, and radial wave propagations are studied for the impulse load being
applied in the corresponding directions. In Figures 8.9(a) to (d), the snap-
shots of radial wave propagation in a SWNT with inner radius 2.0 nm are
presented for time instances 150 ps, 200 ps, 250 ps, and 300 ps respectively.
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The amplitudes of the waves plotted are normalized for better interpretation.
Similarly, in Figures 8.10(a) to (d), the snapshots of circumferential wave
propagation are plotted for time instances 150 ps, 200 ps, 250 ps, and 300 ps
respectively. Even here, the loading is similar to that for the previous case
except that the load is applied in circumferential direction.

In Figure 8.11, the first five natural frequencies corresponding to the axial
mode of vibration of SWNT are plotted for different values of the innermost
radius, R. The frequencies are obtained from the frequency response function
(FRF) of the axial displacements measured at the nodes (refer to Figure 8.6).
As mentioned earlier, the loading is the broadband impulse load applied at
the nodes along the axial directions. It can be observed that the frequencies
of all the five modes vary linearly with R and the slope of variation increases
for higher modes. Here, the frequencies are within a range of 2.0 to 12.0 THz
and decrease with increase in R. Similarly, Figure 8.12 presents the frequen-
cies of the first five circumferential vibration modes of SWNT for varying
innermost radius, R. Even here, the frequencies for all the modes vary lin-
early with R. The slope increases for the higher modes, while the variation is
almost constant for the first mode. The loading condition is similar to that
of the previous example except that they are applied in the circumferential
direction. The frequencies are obtained from the FRF of the circumferential
displacements measured at the nodal points. The frequencies of these five
modes vary within 3.0 to 17.0 THz which is slightly higher than that for the
axial modes. Finally, the natural frequencies of the first five radial modes are
plotted in Figure 8.13 for different values of R. The impulse load described
before is applied at the nodes of the WSFE model (refer Figure 8.6) for the
SWNT in radial direction and the frequencies are obtained from the FRF of
the radial displacements at the nodal points. For the radial modes, the range
within which the frequencies vary is 1.0 to 4.0 THz and is much smaller as
compared to the two previous cases. Here again, the frequencies vary linearly
with R, but, unlike axial and circumferential modes, the slope of the varia-
tions is nearly equal for all the five modes. It should be mentioned that the
radial and circumferential vibrations are coupled though the coupled wave
propagation is not studied here.

In Figure 8.14, the axial wave velocities of the walls of a three-walled carbon
nanotubes are plotted. The wave responses result from the unit amplitude
impulse load applied at the nodes 1 to 6 as shown in Figure 8.6. It can be
seen that the wave velocity is maximum for the innermost wall (referred as
wall 1 in the figure) and increases for the outer walls. However, the wave
velocity patterns match for all the three walls. For the three-walled carbon
nanotubes configuration considered, the innermost radius is 2.0 nm and the
wall thickness is 0.34 nm as mentioned earlier. Similar wave responses are
presented in Figure 8.15, but for circumferential wave propagation. Even
here, the wave velocity is highest for the innermost wall and increases for the
outer walls, while the time history of the velocities follows a similar trend.
Finally, Figure 8.16 presents the wave velocities of the three-walled carbon
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(a) (b)

(c) (d)
FIGURE 8.9: Snapshots of radial wave propagation in SWNT with inner
radius R = 2.0 nm at time instances (a) 150 ps, (b) 200 ps, (c) 250 ps, and
(d) 300 ps

nanotubes corresponding to the radial wave propagation. However, here there
are not much differences in the wave velocities of the three walls but the initial
amplitudes vary considerably. This is expected as the radial stiffness of the
walls is different due to difference in the radius.

In conclusion it can be said that this chapter studies the vibration and wave
properties of carbon nanotubes, both single- and multi-walled through contin-
uum beam and shell models. The one- and two-dimensional WSFE schemes
developed in the last three chapters are implemented here. As mentioned
earlier, WSFE is found to be a tool ideally suited for this purpose. The dy-
namical properties of CNTs observed from these analyses have been validated
with experimental and atomistic simulation results available in literature. A
good corroboration is observed in all the cases. Following this understanding,
an attempt is made to explore the dynamic properties of nano-composites
referring to CNT reinforced matrix material in the next chapter.
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(a) (b)

(c) (d)
FIGURE 8.10: Snapshots of circumferential wave propagation in SWNT
with inner radius R = 2.0 nm at time instances (a) 150 ps, (b) 200 ps, (c) 250
ps, and (d) 300 ps
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FIGURE 8.11: Natural frequencies of the first five axial modes of a SWNT
with varying inner radius R

© 2010 by Taylor and Francis Group, LLC



204 Wavelet Methods for Dynamical Problems

2  2.2 2.4 2.6 2.8 3  3.2 3.4
0 

4 

8 

12

16

Inner Radius (nm)

F
re

qu
en

cy
 (

T
H

z)

FIGURE 8.12: Natural frequencies of the first five circumferential modes
of a SWNT with varying inner radius R
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FIGURE 8.13: Natural frequencies of the first five radial modes of a SWNT
with varying inner radius R
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FIGURE 8.14: Axial wave propagation in a three-walled carbon nanotube
of innermost radius R = 2.0 nm
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FIGURE 8.15: Circumferential wave propagation in a three-walled carbon
nanotube of innermost radius R = 2.0 nm
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FIGURE 8.16: Radial wave propagation in a three-walled carbon nanotube
of innermost radius R = 2.0 nm
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Chapter 9

Vibration and Wave Propagation in
Nano-Composites

As demonstrated in the last chapter, WSFE is found to be an effective com-
putational tool for dynamic analysis of CNTs, both single- and multi-walled.
Different continuum shell models were implemented for the analysis. CNTs are
however mostly used in conjunction with matrix materials in form of nano-
composites. Such nano-composites possess immense potential as structural
material with extraordinary mechanical properties and functionalities apart
from their use in other device applications like sensors and actuators. Though
understanding the mechanical properties of CNTs alone is the basic require-
ment, high fidelity modeling of CNT-based composites is also essential due to
several additional complexities associated with such nano-composites. This
chapter explains continuum modeling of CNT embedded composites generally
referred to as nano-composite using WSFE scheme. The models are then used
for wave propagation analysis of such structures.

9.1 Introduction: nano-composites

The high strength of CNTs, as said before, is a powerful motivation for
their use as reinforcing materials to form high strength, lightweight compos-
ites with functional properties. Embedding CNTs will help to enhance the
damping characteristics, increase buckling capacity, and improve resistance to
higher temperature. In addition, for other device applications like sensors and
actuators, CNTs are always embedded in matrix materials, mostly polymer
matrix. One main advantage of nano-composite is that it does not require
precise alignment of CNTs. Thus, it is expected that the boarder applica-
tions of CNTs will evolve in the form of nano-composites [92]. The properties
of nano-composites are however not yet well understood and a considerable
work needs to be done to gain a good knowledge about their behavior [94].

The two main problems associated with the study and modeling of nano-
composites are as follows. First, the scale difference, i.e., the CNTs interact
with the matrix at nano-scale while the actual nano-composite is in millime-
ter to meter range. Traditional modeling techniques with single time and
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space scales cannot handle such structures and a multi-scale modeling scheme
is required to break the boundaries of scales [75]. Second, the strength of
the nano-composite is governed by the stress transfer between the CNT and
the surrounding matrix. In general, perfect bonding does not occur between
these and the amount of stress transfer at the interface can be obtained only
through experimental study or atomistic simulations.

Since controlled experiments at the nano-scale are difficult and with atom-
istic simulation being computationally expensive, continuum modeling can
prove to be very valuable in the advancement of nano-scale structures but
it needs further improvement and development. Nano-composites are gener-
ally analyzed considering a representative volume element (RVE) consisting
of CNTs either single- or multi-walled surrounded by matrix material. Sev-
eral beam and shell models have been implemented to model such RVEs. To
explain a few, the authors [64] formulated a RVE with MWNT embedded in
different matrix materials and is modeled as the beam using layerwise third
order shear deformation theory. This model accounts for partial shear stress
transfer. Later, the authors [67] developed a continuum axisymmetric shell
model-based RVE considering pull-out and partial stress transfer. An RVE of
a composite reinforced with a capped SWNT has been modeled using a modi-
fied shear-lag model [34]. The interfacial shear strength in a polymer compos-
ite reinforced has been modeled with a SWNT using a modified Kelly-Tyson
approach [97]. A molecular structural mechanics-based continuum model has
been derived [47] to model nano-composites taking into account the interfacial
stress transfer.

In this chapter, a beam and axisymmetric shell model of RVE consisting of
CNT embedded in matrix material developed by the authors [64, 67] as men-
tioned earlier are explained in detail. The modeling is done using one- and
two-dimensional WSFE and used to study dynamic properties. In the first
case, the nano-composite RVEs consisting of MWNT embedded in polymer,
metal, and ceramic matrices are modeled using third order layer-wise shear
deformation theory [73]. Each wall of the MWNT is modeled as an individual
beam coupled through a distributed spring throughout the length of the beam.
The stiffness of the spring depends on the inter-layer van der Waals force [86].
The layer-wise theory is adopted to account for partial interfacial shear stress
transfer. In the second case, a RVE of SWNT-polymer composite is devel-
oped. The RVE is modeled as an axisymmetric finite length cylinder with
coupled axial and radial degrees of freedom. The imperfect bonding between
the SWNT and the matrix resulting in the phenomenon of CNT pull-out is
modeled considering non-uniform axial strains at the SWNT-polymer inter-
face. Apart from this, the effect of partial shear stress transfer is also modeled.
The effects are included in the model as constraints which are imposed using
the penalty matrix method [18]. These models are described elaborately in
the following Sections.
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9.2 Beam model of MWNT embedded nano-composite

Modeling of P -walled MWNT-composite beam as coupled multiple-elastic
beam [86] as shown in Figure 9.1(a), based on third order layerwise shear
deformation theory, results in a set of 2P governing coupled PDEs. Each
CNT wall is associated with two PDEs corresponding to transverse and shear
displacements. Since the matrix is bonded only to the outermost CNT, the
layer-wise theory is adopted only for deriving the two PDEs related to matrix
and outermost wall. Thus, two sets of displacement fields are used for the
matrix and CNT wall, and is given as

um = −z ∂w
1

∂x
+ (z + cm1 z

2 + cm2 z
3)θ1 (9.1)

wm = w1 (9.2)

for matrix and similarly for the outermost CNT wall,

uc1 = −z ∂w
1

∂x
+ (z + cc11 z

2 + cc12 z
3)θ1 (9.3)

wc1 = w1 (9.4)

where w1 is the displacement and θ1 is the rotation due shear in z direction
as shown in Figure 9.1(b). cm1 , c

m
2 and cc11 , c

c1
2 are the constants that need

to be determined.
Strain displacement relations are derived for the matrix using Equations 9.1

to 9.2

εm
xx =

∂um

∂x
= −z ∂

2w1

∂x2
+ (z + cm1 z

2 + cm2 z
3)
∂θ1

∂x
(9.5)

γm
xz =

∂um

∂z
+
∂wm

∂x
= (1 + 2cm1 z + 3cm2 z

2)θ1 (9.6)

and similarly for outermost CNT using Equations 9.3 to 9.4

εc1
xx =

∂uc1

∂x
= −z ∂

2w1

∂x2
+ (z + cc11 z

2 + cc12 z
3)
∂θ1

∂x
(9.7)

γc1
xz =

∂uc1

∂z
+
∂wc1

∂x
= (1 + 2cc11 z + 3cc12 z

2)θ1 (9.8)

The constants cm1 and cm2 are determined by assuming that there are no dis-
tributed shear loads on the top and bottom surfaces of the beam, or

τm
xz = Gmγm

xz = 0 for z = ± h (9.9)

where Gm is the shear modulus of the matrix and h is half the beam depth
as in Figure 9.1(b). Solving Equation 9.9, cm1 and cm2 are obtained as

cm1 = 0 and cm2 = − 1
3h2

(9.10)
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FIGURE 9.1: (a) Distributed spring model of coupling between the car-
bon nanotubes; (b) beam cross-section with embedded double wall carbon
nanotube
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The other two constants cc1 and cc2 are derived by assuming continuous dis-
placement and given fraction of shear stress transfer at the CNT matrix in-
terface.

uc1 = um for z = ro sinψ ∀ ψ ∈ (0, 2π) (9.11)
or, cc11 + cc12 z = cm2 for z = ro sinψ ∀ ψ ∈ (0, 2π) (9.12)

and,

τc1
xz = ατm

xz for z = ro sinψ ∀ ψ ∈ (0, 2π) (9.13)

or, (1 + 2cc11 z + 3cc12 z
2) =

αGm

Gc
(1 + 3cc12 z

2)

for z = ro sinψ ∀ ψ ∈ (0, 2π) (9.14)

or, 2cc11 z + 3cc12 z
2 = −(1− κ) + 3κcm2 z

2 κ =
αGm

Gc
(9.15)

where ro is the radius and Gc is the shear modulus of the outermost CNT
and α is the given fraction of interfacial shear stress transfer. Note that
0 ≤ α ≤ 1, α = 1 denotes full transfer and α = 0 denote no transfer of
interfacial shear stress.

By solving Equations 9.12 and 9.15, cc11 and cc12 are obtained as

cc11 = −(1− κ)
1
z2

+ (3κ− 2)cm2 (9.16)

cc12 = 3(1− κ)cm2 z + (1 − κ)
1
z

for z = ro sinψ ∀ ψ ∈ (0, 2π) (9.17)

By substituting, θ1 = φ1 + ∂w1

∂x where φ1 is the total rotation at z = 0, in
Equations 9.5 to 9.8, they can be written as

εm
xx = (cm1 z

2 + cm2 z
3)
∂2w1

∂x2
+ (z + cm1 z

2 + cm2 z
3)
∂φ1

∂x
(9.18)

γm
xz = (1 + 2cm1 z + 3cm2 z

2)(φ1 +
∂w1

∂x
) (9.19)

and

εc1
xx = (cc11 z

2 + cc12 z
3)
∂2w1

∂x2
+ (z + cc11 z

2 + cc12 z
3)
∂φ1

∂x
(9.20)

γc1
xz = (1 + 2cc11 z + 3cc12 z

2)(φ1 +
∂w1

∂x
) (9.21)

Total strain and kinetic energies for the matrix and outermost CNT are cal-
culated as

U1 =
1
2

∫ L

0

∫

A

(E
m

ε
m

xx

2
+ E

c

ε
c1

xx

2
+G

m

γ
m

xz

2
+ E

c

γ
c1

xz

2
)dAdx (9.22)

T 1 =
1
2

∫ L

0

∫

A

(ρm(u̇m2
+ ẇm2

) + ρc(u̇c12
+ ẇc12

))dAdx (9.23)
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For the remaining P −1 walls of the P walled MWNT, the displacement fields
are similar to those given by Equations 9.3 and 9.4 and can be written as

ucp = −z ∂w
p

∂x
+ (z + ccp

1 z
2 + ccp

2 z
3)θp (9.24)

wcp = wp for p = 2, 3, . . . P (9.25)

where wp is the transverse displacement and θp is the rotation due to shear
in z direction for pth CNT wall. Similarly, the strain displacement relations
for these CNT walls can be written as (after using θp = φp + ∂wp

∂x )

εcp
xx = (ccp

1 z
2 + ccp

2 z
3)
∂2wp

∂x2
+ (z + ccp

1 z
2 + ccp

2 z
3)
∂φp

∂x
(9.26)

γcp
xz = (1 + 2ccp

1 z + 3ccp
2 z

2)(φp +
∂wp

∂x
) for p = 2, 3, . . . P (9.27)

where φp is the total rotation in z direction at z = 0. ccp
1 and ccp

2 are constants
similar to ccp

1 and ccp
2 respectively, as given in Equation 9.3. However, unlike

the outermost CNT wall, these constants are derived by assuming that the
shear loads at the free outer surface is zero or

τcp
xz = Gcγcp

xz = 0 for z = ±r(p−1)
i sinψ, ∀ ψ ∈ (0, π) p = 2, 3, . . . , P

(9.28)
where r(p−1)

i is the inner radius of (p− 1)th CNT wall. From Equation 9.28,
the constants ccp

1 and ccp
2 can be solved as

ccp
1 = 0 and ccp

2 = − 1
3z2

for z = r
(p−1)
i sinψ, ∀ ψ ∈ (0, 2π)

p = 2, 3, . . . , P (9.29)

Thus the potential and kinetic energies for these CNT walls can be obtained
as

Up =
1
2

∫ L

0

∫

A

(Ecεcp
xx

2 + E
c

γcp
xz

2)dAdx (9.30)

T p =
1
2

∫ L

0

∫

A

ρc(u̇cp2
+ ẇcp2

)dAdx p = 2, 3, . . . , P (9.31)

Using the Hamilton’s principle, the minimization of the above energies with
respect to wp and φp, p = 1, 2, 3, . . . , P , gives 2P coupled governing PDEs
as

I1
0 ẅ

1 − I1
ff

∂2ẅ1

∂x2
+ I1

fs

∂φ̈1

∂x
+K1

ff

∂4w1

∂x4
−K1

sf (
∂2w1

∂x2
+
∂φ1

∂x
)

+K1
fs

∂3φ1

∂3x
= C1[w2 − w1] (9.32)
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I1
ssφ̈

1 + I1
fs

∂ẅ1

∂x
+K1

sf (
∂w1

∂x
+ φ1)−K1

fs

∂3w1

∂3x
−K1

ss

∂2φ1

∂x2
= 0 (9.33)

Ip
0 ẅ

p − Ip
ff

∂2ẅp

∂x2
+ Ip

fs

∂φ̈p

∂x
+Kp

ff

∂4wp

∂x4
−Kp

sf (
∂2wp

∂x2
+
∂φp

∂x
) +Kp

fs

∂3φp

∂3x

= Cp[wp+1 − wp]− Cp−1[wp − wp−1] p = 2, 3, . . . , P − 1 (9.34)

Ip
ssφ̈

p + Ip
fs

∂ẅp

∂x
+Kp

sf(
∂wp

∂x
+ φp)−Kp

fs

∂3wp

∂3x
−Kp

ss

∂2φp

∂x2
= 0 (9.35)

IP
0 ẅ

P − IP
ff

∂2ẅP

∂x2
+ IP

fs

∂φ̈P

∂x
+KP

ff

∂4wP

∂x4
−KP

sf (
∂2wP

∂x2
+
∂φP

∂x
)

+KP
fs

∂3φP

∂3x
= −CP−1[wP − wP−1] (9.36)

IP
ssφ̈

P + IP
fs

∂ẅP

∂x
+KP

sf(
∂wP

∂x
+ φP )−KP

fs

∂3wP

∂3x
−KP

ss

∂2φP

∂x2
= 0 (9.37)

It should be mentioned here that the governing differential equation corre-
sponding to transverse displacement for pth CNT wall is coupled only with
those for (p− 1)th and (p+ 1)th walls. The inertial constants for the Equa-
tions 9.32 and 9.33 are

I1
ff = (cm1

2Im
4 + cc11

2
Ic1
4 ) + 2(cm1 c

m
2 I

m
5 + cc11 c

c1
2 I

c1
5 )

+(cm2
2Im

6 + cc12
2
Ic1
6 ) (9.38)

I1
fs = I1

ff + (cm1 I
m
3 + cc11 I

c1
3 ) + (cm2 I

m
4 + cc12 I

c1
4 ) (9.39)

I1
ss = I1

fs + (Im
2 + Ic1

2 ) + (cm1 I
m
3 + cc11 I

c1
3 ) + (cm2 I

m
4 + cc12 I

c1
4 ) (9.40)

and similarly, for Equations 9.33 and 9.37,

Ip
ff = cc11

2
Icp
4 + 2ccp

1 c
cp
2 I

cp
5 + ccp

2
2
Icp
6 (9.41)

Ip
fs = Ip

ff + ccp
1 I

cp
3 + ccp

2 I
cp
4 (9.42)

Ip
ss = Ip

fs + Icp
2 + ccp

1 I
cp
3 + ccp

2 I
cp
4 for p = 2, 3, . . . , P (9.43)

and

c
()
()I

()
l = ρ()

∫

A

c
()
()z

ldA

where the superscripts are either m or cp, p = 1, 2, . . . , P and the subscripts
are either 1 or 2 as in Equations 9.38 to 9.43.

The stiffness constants for the Equations 9.32 and 9.33 are

K1
ff = (cm1

2Fm
11 + cc11

2
F c1

11 ) + 2(cm1 c
m
2 G

m
11 + cc11 c

c1
2 G

c1
11)

+(cm2
2Hm

11 + cc12
2
Hc1

11) (9.44)
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K1
fs = K1

ff + (cm1 E
m
11 + cc11 E

c1
11) + (cm2 F

m
11 + cc12 F

c1
11 ) (9.45)

K1
sf = (Am

55 +Ac1
55) + 4(cm1 B

m
55 + cc11 B

c1
55)

+[(4cm1
2 + 6cm2 )Dm

55 + (4cc11
2
+ 6cc12 )Dc1

55]

+12(cm1 c
m
2 E

m55 + cc11 c
c1
2 E

c155) + 9(cm2
2Fm

55 + cc12
2
F c1

55 ) (9.46)
K1

ss = K1
fs + (Dm

11 +Dc1
11) + (cm1 E

m
11 + cc11 E

c1
11)

+(cm2 F
m
11 + cc12 F

c1
11 ) (9.47)

and similarly, for Equations 9.33 and 9.37,

Kp
ff = ccp

1
2
F cp

11 + 2ccp
1 c

cp
2 G

cp
11 + ccp

2
2
Hcp

11 (9.48)

Kp
fs = Kp

ff + ccp
1 E

cp
11 + ccp

2 F
cp
11 (9.49)

Kp
sf = Acp

55 + 4ccp
1 B

cp
55 + (4ccp

1
2 + 6ccp

2 )Dcp
55 + 12ccp

1 c
cp
2 E

cp55

+9ccp
2

2
F cp

55 (9.50)
Kp

ss = Kp
fs +Dcp

11 + cc11 E
cp
11 + ccp

2 F
cp
11 for p = 2, 3, . . . , P (9.51)

and

[A()
11, c

()
()B

()
11, c

()
()D

()
11, c

()
()E

()
11, c

()
()F

()
11, c

()
()G

()
11, c

()
()H

()
11]

= E()

∫

A

c
()
()[1, z, z

2, z3, z4, z5, z6]dA

[A()
55, c

()
()B

()
55, c

()
()D

()
55, c

()
()E

()
55, c

()
()F

()
55, c

()
()G

()
55, c

()
()H

()
55]

= G()

∫

A

c
()
()[1, z, z

2, z3, z4, z5, z6]dA

where similar to the inertial constants, the superscripts are eitherm or cp, p =
1, 2, . . . , P and the subscripts are either 1 or 2 as in Equations 9.44 to 9.51.

The interaction coefficients Cp, p = 1, 2, . . . , P − 1, arising due to van der
Waals interaction between any two adjacent walls, can be estimated approxi-
mately as [86]

Cp =
400rp

i

0.16d2
erg/cm2, d = 0.142 nm, p = 1, 2, . . . , P − 1 (9.52)

where rp
i is the inner radius of pth CNT wall.

The three force boundary conditions obtained by Hamilton’s principle cor-
responding to wp, ∂wp

∂x , and φp respectively are

−Kp
ff

∂3wp

∂x3
+Kp

sf(
∂wp

∂x
+ φp)−Kp

fs

∂2φp

∂x2
= V (9.53)

Kp
ff

∂2wp

∂x2
+Kp

fs

∂φp

∂x
= Q (9.54)

Kp
fs

∂2wp

∂x2
+Kp

ss

∂φp

∂x
= M p = 1, 2, . . . , P (9.55)
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9.3 Spectral finite element formulation for MWNT em-
bedded nano-composite beam

The reduced and the decoupled forms of the governing differential equa-
tions given by Equations 9.32 to 9.37 following Daubechies scaling function
approximation, imposition of boundary conditions through wavelet extrapo-
lation technique, and eigenvalue analysis as discussed in detail in the earlier
chapters are as follows,

−I1
0γ

2
j ŵ

1
j + I1

ffγ
2
j

d2ŵ1
j

dx2
− I1

fsγ
2
j

dφ̂1
j

dx
+K1

ff

d4ŵ1
j

dx4
−K1

sf

(
d2ŵ1

j

dx2
+
dφ̂1

j

dx

)

+K1
fs

d3φ̂1
j

dx3
= C1

[
ŵ2

j − ŵ1
j

]
(9.56)

−I1
ssγ

2
j φ̂

1
j − I1

fsγ
2
j

dŵ1
j

dx
+K1

sf(
dŵ1

j

dx
+ φ̂1

j )−K1
fs

d3ŵ1

d3x

−K1
ss

d2φ̂1
j

dx2
= 0 (9.57)

−Ip
0γ

2
j ŵ

p
j + Ip

ffγ
2
j

d2ŵp
j

dx2
− Ip

fsγ
2
j

dφ̂p
j

dx
+Kp

ff

d4ŵp
j

dx4
−Kp

sf

(
d2ŵp

j

dx2
+
dφ̂p

j

dx

)

+Kp
fs

d3φ̂p
j

dx3
= Cp

[
ŵp+1

j − ŵp
j

]
− Cp−1

[
ŵp

j − ŵp−1
j

]
p = 2 to P − 1 (9.58)

−Ip
ssγ

2
j φ̂

p
j − Ip

fsγ
2
j

dŵp
j

dx
+Kp

sf (
dŵp

j

dx
+ φ̂p

j )−Kp
fs

d3ŵp

d3x

−Kp
ss

d2φ̂p
j

dx2
= 0 (9.59)

−IP
0 γ

2
j ŵ

P
j + IP

ffγ
2
j

d2ŵP
j

dx2
− IP

fsγ
2
j

dφ̂P
j

dx
+KP

ff

d4ŵP
j

dx4
−KP

sf

(
d2ŵP

j

dx2
+
dφ̂P

j

dx

)

+KP
fs

d3φ̂P
j

dx3
= −CP−1

[
ŵP

j − ŵP−1
j

]
(9.60)

−IP
ssγ

2
j φ̂

P
j − IP

fsγ
2
j

dŵP
j

dx
+KP

sf (
dŵP

j

dx
+ φ̂P

j )−KP
fs

d3ŵP

d3x

−KP
ss

d2φ̂P
j

dx2
= 0 (9.61)

Similarly, the force boundary conditions given by Equations 9.53 and 9.55
can be transformed as

−Kp
ff

d3wp
j

dx3
+Kp

sf

(
dwp

j

dx
+ φp

j

)

−Kp
fs

d2φp
j

x2
= Vj (9.62)
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Kp
ff

d2wp
j

dx2
+Kp

fs

dφp
j

dx
= Qj (9.63)

Kp
fs

d2wp
j

dx2
+Kp

ss

dφp
j

dx
= Mj

p = 1, 2, . . . , P and j = 0, 1, . . . , n− 1 (9.64)

The spectral finite element has three degrees of freedom per node and per
CNT wall, which are ŵp

j ,
∂ bwp

j

∂x , and φ̂p
j for the pth CNT wall. The set of

ODEs (Equations 9.56 to 9.61) for nano-composite beam with transverse and
shear modes was obtained in a transformed wavelet domain. These equa-
tions are required to be solved for ŵp

j ,
∂ bwp

j

∂x , and φ̂p
j , and the actual solutions

wp(x, t), ∂wp

∂x (x, t), and φp(x, t) are obtained using inverse wavelet transform.
The exact interpolating functions for an element of length L, obtained by
solving Equations 9.56 and 9.57 to 9.61 respectively, are

{ŵ1(x),
∂ŵ1(x)
∂x

, φ̂1(x), . . . , ŵp(x),
∂ŵp(x)
∂x

, φ̂p(x), . . . ,

ŵP (x),
∂ŵP (x)
∂x

, φ̂P (x)}
T

= [R][Θ]{a} (9.65)

where [Θ] is a 6P×6P diagonal matrix with diagonal terms [e−k1x, e−k1(L−x),
e−k2x, e−k2(L−x), e−k3x, e−k3(L−x), . . . , e−k3P−2x, e−k3P−2(L−x), e−k3P−1x,
e−k3P−1(L−x), e−k3P x, e−k3P (L−x)] and [R] is a 2P×6P amplitude ratio matrix
for each set of kl, l = 1 to 3P .

[R] =

⎡

⎢
⎢
⎢⎢
⎢
⎣

R11 . . . R16, . . . . . . R1(6P−5) . . . R16P

R21 . . . R26, . . . . . . R2(6P−5) . . . R26P

... . . .
..., . . . . . .

... . . .
...

R(P−1)1 . . . R(P−1)6, . . . . . . R(P−1)(6P−5) . . . R(P−1)6P

RP1 . . . RP6, . . . . . . RP (6P−5) . . . RP6P

⎤

⎥
⎥
⎥⎥
⎥
⎦

(9.66)

The wavenumbers k are obtained by substituting Equation 9.65 in Equa-
tions 9.56 and 9.57 to 9.61. This gives the characteristic equation. For ex-
ample, for DWNT embedded composites, the characteristic equation is given
as
⎡

⎢
⎢
⎣

−β2I1
0 + k2(−β2I1

ff +K1
sf ) + k4K1

ff + C1 ik(β2I1
fs +K2

sf )− ik3K1
fs

−ik(β2I1
fs +K2

sf ) + ik3K1
fs (−β2I1

ss +K1
sf ) + k2K1

ss

0 −C1

0 0

−C1 0
0 0

−β2I2
0 + k2(−β2I2

ff +K2
sf ) ik(β2I2

fs +K2
sf )− ik3K2

fs

+k4K1
ff + C1

−ik(β2I2
fs +K2

sf ) + ik3K1
fs (−β2I2

ss +K2
sf ) + k2K2

ss

⎤

⎥
⎥
⎥
⎥
⎦

[R] {a} = 0

(9.67)
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The wavenumbers k are obtained by solving the above characteristic equation
obtained by equating the determinant of the 4× 4 matrix in Equation 9.67 to
zero and the corresponding [R] is obtained using SVD of the matrix. The six
different k obtained by solving Equation 9.67 correspond to the transverse,
shear, and a purely imaginary higher order mode for each wall of the DWNT.

One characteristic of multiple beam model for MWNT embedded composite
beam is that there are P − 1 cut-off frequencies, where the wavenumbers
become zero, apart from the P shear modes, which have another P such
frequencies.

Here, {a} in Equation 9.65 are the unknown coefficients to be determined
from transformed nodal displacements {ûe} ={ŵ1

1
∂ bw1

1(x)
∂x φ̂1

1 ŵ
1
2

∂ bw1(x)
∂x φ̂1

2. . .ŵ
P
1

∂ bwP
1 (x)
∂x φ̂P

1 ŵP
2

∂ bwP (x)
∂x φ̂P

2 } and ŵp
1 ≡ ŵp(0), ∂ bwp

1
∂x ≡ ∂ bwp(0)

∂x , φ̂p
1 ≡ φ̂p(0) and

similarly, ŵp
2 ≡ ŵp(L), ∂ bwp

2
∂x ≡ ∂ bwp(L)

∂x , φ̂p
2 ≡ φ̂p(L). Thus one can relate the

nodal displacements and unknown coefficients as

{ûe} = [T1]{a} (9.68)

From the forced boundary conditions (Equations 9.62 to 9.64), nodal forces
and unknown coefficients can be related as

{F̂e} = [T2]{a} (9.69)

where {F̂e} = {V̂ 1
1 Q̂1

1 M̂
1
1 V̂ 1

2 Q̂1
2 M̂

1
2 . . . . . . V̂

P
1 Q̂P

1 M̂P
1 V̂ P

2 Q̂P
2 M̂P

2 } and
V̂ p

1 ≡ V̂ p(0), Q̂p
1 ≡ Q̂p(0), M̂p

1 ≡ M̂p(0) and V̂ p
2 ≡ P̂ p(L), Q̂p

2 ≡ Q̂p(L),
M̂p

2 ≡ M̂p(L). From Equations 9.68 and 9.69 the dynamic stiffness matrix
relating the transformed nodal forces and displacements can be obtained as

{F̂e} = [T2][T1]−1{ûe} = [K̂e]{ûe} (9.70)

where [K̂e] is the dynamic stiffness matrix.

9.4 Frequency domain analysis

Here, the WSFE model is used for frequency domain analysis of wave prop-
agation in the nano-composite beam with embedded MWNT. As mentioned
earlier, the beam is modeled as third order shear deformable using layer-wise
theory and thus it has three modes for each nanotube wall. First, the spec-
trum and dispersion relations for double-walled carbon nanotube (DWNT)-
aluminum matrix nano-composite beam are obtained assuming Euler-Bernoulli
(EBT), Timoshenko (FSDT), and third order layer-wise shear deformation
(TSDT) beam theories. Similar frequency dependent characteristics are stud-
ied in beams with three-walled carbon nanotube (TWNT) and different matrix
materials, namely, polymer, metal, and ceramic, respectively.
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All the numerical analysis in this and the next Sections are performed on a
representative nano-composite beam with square cross-section of 6 nm × 6 nm.
Different matrix materials including polymer, metal (aluminum), and ceramic
(alumina) are considered whose material properties are taken as follows, for
polymer : Young’s modulus Em

p = 0.002 TPa, shear modulus Gm
p = 0.000769

TPa, and density ρp = 1000 kg/m3, for aluminum: Em
m = 0.07 TPa, Gm

p =
0.026 TPa, and ρm = 2700 kg/m3 and for ceramic: Em

c = 0.45 TPa, Gm
c =

0.19 TPa, and ρc = 2800 kg/m3. The inner diameter of MWNT is taken as
0.34 nm and the thickness of each wall is 0.34 nm. The elastic properties
of MWNT are as follows, Young‘s modulus Ec = 1.2 TPa, shear modulus
Gc = 0.462 TPa, and density ρc = 1300 kg/m3. The van der Waals force
interaction coefficient for the first wall becomes 0.0425 TPa as calculated
from Equation 9.52.

In Figure 9.2, the non-dimensional wavenumbers (kh) are plotted for DWNT-
aluminum matrix beam. The spectrum relations obtained by modeling the
beam using EBT, FSDT, and TSDT are presented and compared in Fig-
ures 9.2(a), (b), and (c) respectively. It can be seen from Figure 9.2(a) that
for a DWNT embedded aluminum matrix beam, EBT predicts two modes, one
for each wall and one cut-off frequency (at 0.88 THz) as described in refer-
ence [11]. However, before the cut-off frequency, the wavenumber correspond-
ing to the second mode has real as well as imaginary parts, which indicates
that there is a propagating component of this mode. Due to the presence
of the imaginary part, this wave will, however, attenuate while propagating.
Thus, this wave is the so called inhomogeneous wave. Thus, there is non-zero
speed even before the cut-off frequency. The non-dimensional wavenumbers
plotted in Figure 9.2(b) for Timoshenko or first order shear deformable beam
show that there exist two additional cut-off frequencies corresponding to the
shear modes (0.40 and 7.9 THz for first and second shear modes respectively)
of the two CNT walls. Unlike the flexural mode of the second CNT wall,
these shear modes start propagating only after the cut-off frequencies. For
TSDT, apart from the four shear and flexural propagating modes for DWNT
embedded beam, there are two non-propagating modes corresponding to the
higher order terms as shown in Figure 9.2(c). However, the present model
using TSDT shows a considerable decrease in the shear cut-off frequencies
while there is no significant change in cut-off frequency of the flexural mode
for second CNT wall. The shear cut-off frequencies obtained from TSDT are
at 0.30 THz and 4.45 THz. The corresponding dispersion relations or group
speeds are presented in Figures 9.3(a), (b), and (c) for EBT, FSDT, and
TSDT respectively. It can be seen from Figure 9.3 that as predicted by the
wavenumber plots, for EBT model there are two propagating modes while for
FSDT and TSDT, four such modes exist of which the shear modes propagate
only after the corresponding cut-off frequencies.

Figures 9.4(a), (b) and 9.5(a), (b) show the spectrum relations for TWNT
and TWNT embedded composites with polymer, aluminum, and ceramic as
matrices respectively. These plots show the presence of six propagating modes
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FIGURE 9.2: Spectrum relation for DWNT-aluminum matrix beam for
(a) Euler-Bernoulli, (b) Timoshenko, and (c) third order layer-wise shear de-
formation models
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FIGURE 9.3: Dispersion relation for DWNT-aluminum matrix beam for
(a) Euler-Bernoulli, (b) Timoshenko, and (c) third order layer-wise shear de-
formation models

© 2010 by Taylor and Francis Group, LLC



Vibration and Wave Propagation in Nano-Composites 221

0 1 2 3 4 5

−4

−2

0

2

4

Frequency (THz)

N
on

−
di

m
en

si
on

al
 w

av
en

um
be

rs
 (

kh
)

real 

imaginary 

(a)

0 1 2 3 4 5

−4

−2

0

2

4

Frequency (THz)

N
on

−
di

m
en

si
on

al
 w

av
en

um
be

rs
 (

kh
)

real 

imaginary 

(b)
FIGURE 9.4: Spectrum relation for TWNT embedded beam for (a) no
matrix and (b) polymer-matrix

with each CNT wall contributing a flexural and a shear mode. However,
there are three more non-propagating modes corresponding to the higher or-
der modes but are not shown in order to magnify the figure. It can be observed
from the figures that by considering TWNT and TWNT embedded in three
different matrix materials, considerable changes can be observed only in the
first shear cut-off frequencies. These frequencies are 4.45, 0.25, 0.30, and 0.65
THz for TWNT and TWNT embedded polymer, aluminum, and ceramic ma-
trices respectively. In Figures 9.6(a), (b) and 9.7(a), (b), the group speeds
are plotted for TWNT and TWNT embedded composites with polymer, alu-
minum, and ceramic as matrices respectively. As expected, these dispersion
relations show six propagating modes of which three shear modes, one for
each CNT wall, propagate only after the respective cut-off frequencies.
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FIGURE 9.5: Spectrum relation for TWNT embedded beam for (a)
aluminum-matrix and (b) ceramic-matrix
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FIGURE 9.6: Dispersion relation for TWNT embedded beam for (a) no
matrix and (b) polymer-matrix
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FIGURE 9.7: Dispersion relation for TWNT embedded beam for (a)
aluminum-matrix and (b) ceramic-matrix
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9.5 Time domain analysis

Next, the model developed is used to simulate time response in a finite
length fixed-free beam due to broadband impulse load with frequency content
at tera-Hertz level. The effects of the fraction of shear stress transfer between
the CNT and matrix on the time response and also on the FRFs are inves-
tigated for polymer, metal, and ceramic matrix. Finally, the four coupled
propagating modes in a DWNT aluminum matrix infinite beam are captured
simultaneously using narrow banded modulated sinusoidal load. The material
properties and geometry of the nano-composite beams are the same as that
given in the previous section.

9.5.1 Response to broad-band impulse load

First the model is used for analysis of a finite length fixed-free beam due to
unit broadband impulse load applied at the free end. The impulse load applied
has a duration of 5.0 ps and frequency content of 1.0 THz. In Figure 9.8(a),
the transverse velocities in DWNT-polymer composite beam of length 50 nm
due to the impulse load applied at the tip in transverse direction are plotted.
The time responses simulated by considering different fractions α as defined
in Equation 9.13 of shear stress transfer between the outermost CNT and
matrix are also compared for α = 0.1, 0.5, and 1.0. It can be seen from the
figure that effects of the above fractions α on the time response are negligible
for such DWNT-polymer matrix. This is justified as the shear modulus ratio
of CNT and polymer is very high causing the effect of α to be negligible.
In Figure 9.8(b), the corresponding FRFs are plotted for different α. It can
be seen that though the effect of α cannot be captured in the time response
shown in Figure 9.8(a), the FRFs show certain changes at higher frequencies
for α = 0.1. Similar time and frequency responses are plotted in Figures 9.9
and 9.10, but for DWNT-aluminum and DWNT-ceramic composite beams
respectively. It can be seen from Figures 9.9(a) and (b) that for DWNT-
aluminum matrix composite, the effect of fraction of interfacial shear stress
transfer is quite prominent, particularly for α = 0.1, in both time responses
and FRFs respectively. For DWNT-ceramic composite, the shear modulus
ratio of CNT and matrix being much smaller than that for polymer and
aluminum matrix, the effect of partial shear stress transfer at the interface is
much more evident in both the time and frequency responses as can be seen
from Figures 9.10(a) and (b). From the above example, it is seen that the
effect of polymer matrix on the response of CNT embedded nano-composite
is negligible. Hence, while performing analysis, one can ignore the presence
of polymer matrix and consider only the CNT for analysis. This aspect has
large practical significance as most of carbon nanotube-based sensors which
include bio-sensors are embedded on a polymer substrate.
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FIGURE 9.8: Transverse tip velocities in DWNT-polymer composite fixed-
free beam due to tip impulse load applied in transverse direction (a) time
response and (b) FRF
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FIGURE 9.9: Transverse tip velocities in DWNT-aluminum composite
fixed-free beam due to tip impulse load applied in transverse direction (a)
time response and (b) FRF

© 2010 by Taylor and Francis Group, LLC



228 Wavelet Methods for Dynamical Problems

0  20 40 60 80 100  
−10

−8

−6

−4

−2

0

2

4

6

8

10

Time (ps)

T
ra

ns
ve

rs
e 

ve
lo

ci
ty

 (
nm

/s
)

α=1.0
α=0.5
α=0.1

(a)

0 0.2 0.4 0.6 0.8 1.0

10
0

10
1

10
2

10
3

Frequency (THz)

T
ra

ns
ve

rs
e 

V
el

oc
ity

 

α=1.0
α=0.5
α=0.1

(b)
FIGURE 9.10: Transverse tip velocities in DWNT-ceramic composite
fixed-free beam due to tip impulse load applied in transverse direction (a)
time response and (b) FRF
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9.5.2 Response to narrow-banded pulse

To study the presence of different propagating coupled modes in a MWNT
embedded composite beam, the responses to narrow banded sinusoidal pulse
modulated at a high frequency are simulated using the WSFE model. For such
loading the waves propagate non-dispersively, that is, without changing the
shape. The load is applied at a point on an infinite beam and the velocities
are measured at another point at a distance L from the point of loading.
Here, a DWNT-aluminum composite beam and L = 50 nm is considered.
The load is modulated at 6.0 THz, such that the loading frequency is above
the highest cut-off frequency which is approximately equal to 4.45 THz as
shown in Figures 9.2(c) and 9.3(c). In Figure 9.11(a), the transverse velocity
due to the pulse applied in transverse direction is plotted. The transverse
velocity plotted is for the outermost wall and shows the presence of all four
coupled modes, i.e., two shear and two flexural modes, one for each wall. The
time of arrivals of the different propagating modes are those predicted from
the dispersion relation given by Figure 9.3(c) and are approximately equal to
2.40, 4.70, 6.60, and 9.50 ps for shear and flexure modes of inner CNT wall and
shear and flexure modes of outer CNT wall respectively. In Figure 9.11(b),
similar response is plotted but using FSDT. As is seen from the dispersion plot
in Figure 9.3(b), the cut-off frequency for the shear mode of the inner CNT
wall is approximately 7.9 THz, which is higher than the loading frequency
of 6.0 THz. As a result, Figure 9.11(b) shows only three propagating modes
unlike Figure 9.11(a) for TSDT. Here also the time of arrival of the modes
matches with that predicted by the corresponding dispersion plot. However, in
Figures 9.11(a) and (b), the shear modes and the flexural modes corresponding
to the other CNT wall are shown in a magnified scale.

9.6 Shell model of SWNT-polymer nano-composite

In this section, as mentioned earlier, the nano-composite comprised of
SWNT and polymer matrix is considered as a continuum axisymmetric cylin-
der. The effects of the SWNT pull-out and the partial interfacial shear stress
transfer are incorporated in the model as constraints which are imposed using
the penalty matrix method [18]. The governing differential equations for such
axisymmetric model and their reduction through Daubechies scaling functions
are explained in Section 7.6. Similarly, the solution of these reduced ODEs
using Bessel function and the WSFE formulation thereafter is also described
in detail in Section 7.7. Here, the imposition of the constraints to incorporate
the pull-out and partial shear stress transfer effects in the model is mostly
described.
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FIGURE 9.11: Transverse velocities in a DWNT-aluminum composite infi-
nite beam due to modulated sinusoidal pulse at 6.0 THz applied in transverse
direction (a) third order layerwise deformation and (b) Timoshenko beam
theories
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9.6.1 Modeling of pull out and partial interfacial shear stress
transfer

In Section 7.7, the formulation to obtain the elemental dynamic stiffness
matrix K̃e has been explained. For the nano-composite structure consisting
of a SWNT and polymer matrix, to obtain the global stiffness matrix, the
elemental matrices, K̃e

c and K̃e
m, for the SWNT and the polymer respectively

should be assembled. However, here the assembly is done using the penalty
matrix method to impose constraints which account for the pull-out and the
partial shear stress transfer.

The pull-out of the SWNT from the matrix is modeled as non-uniform axial
strain at the interface, which can be written as

∂um

∂z

∣∣
∣
@ r=ro

= ϑ
∂uc

∂z

∣∣
∣
@ r=ro

(9.71)

where um(r, z, t) and uc(r, z, t) are the axial displacement fields in the matrix
and the SWNT respectively. ro is the radius of the interface and ϑ is the factor
defining amount of pull-out and is always less than one. After performing the
Daubechies scaling function-based approximation as discussed in the earlier
part of the section, Equation 9.71 can be reduced as

ũm(r)
∣
∣
@ r=ro

= ϑũc(r)
∣
∣
@ r=ro

(9.72)

Let {ũm
1 , w̃

m
1 , ũ

m
2 , w̃

m
2 } be the nodal displacements at the two nodes at the

outer and inner surfaces of the matrix respectively. Similarly, let {ũc
1, w̃

c
1, ũ

c
2,

w̃c
2} be the modal displacements at the outer and the inner surfaces of the

SWNT respectively. Thus, Equation 9.72 can be written as

ũm
2 = ϑũc

2 (9.73)

The above equation can be written in matrix form as
[
0 0 1 0 −ϑ 0 0 0

] {ũ} = 0 or, [C1] {ũ} = 0 (9.74)

where {ũ} is the total nodal displacement vector {ũm
1 , w̃m

1 , ũm
2 , w̃m

2 , ũc
1, w̃c

1,
ũc

2, w̃
c
2}. Next, apart from the constraint given by Equation 9.71, the radial

displacements wm(r, z, t) and wc(r, z, t) should be uniform at the interface
r = ro,

wm
∣
∣
@ r=ro

= wc
∣
∣
@ r=ro

(9.75)

Similar to Equation 9.72, the transformed form of Equation 9.75 can be writ-
ten as

w̃m(r)
∣∣
@ r=ro

= w̃c(r)
∣∣
@ r=ro

or, w̃m
2 = w̃c

2 (9.76)

This again can be written in a matrix form as
[
0 0 0 1 0 −1 0 0

] {ũ} = 0 or, [C2] {ũ} = 0 (9.77)
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Thus, for the pull-out modeling, the total constraint equation can be written
as follows,

[Cp] {ũ} = 0 where [Cp] =
[
C1

C2

]
(9.78)

The final constraint Equation 9.78 can be imposed on the WSFE model
using the penalty matrix method [18], which is given as

(
[K̃] + [Cp]T [α][Cp]

)
{ũ} = {F̃} (9.79)

where [Cp]T [α][Cp] is the penalty matrix and [α] is a diagonal matrix with
diagonal terms called penalty numbers. The penalty matrix is usually singu-
lar. The accurate imposition of constraint requires the value of the parameter
αi to be very large. {F̃} is the total nodal force vector, {σ̃m

z1, σ̃
m
r1, σ̃

m
z2, σ̃

m
r2,

σ̃c
z1, σ̃

c
r1, σ̃

c
z2, σ̃

c
r2} and [K̃] is given as

[K̃] =

[
K̃e

m 0
0 K̃e

c

]

(9.80)

As [α] grows, the constraints are more nearly satisfied [18]. However, much
higher values of [α] may cause ill-conditioning of the modified matrix.

Similarly, the constraint for the partial interfacial shear stress transfer can
be written as

τc
rz

∣
∣
@ r=ro

= ςτm
rz

∣
∣
@ r=ro

(9.81)

where τc
rz and τm

rz are the shear stress in the SWNT and the matrix respec-
tively. ς is the fraction of the shear stress transfer between the matrix and
the SWNT, and has a value less than one. The above constraint given by
Equation 9.81 can be represented in a matrix form similar to Equation 9.74
as

[C3] {ũ} = 0 (9.82)

[C3] =
1

2πroLz

[
ςK̃e31

m ςK̃e32
m ςK̃e33

m ςK̃e34
m −K̃e11

c −K̃e12
c −K̃e13

c −K̃e14
c

]

where K̃eij
c/m represent the element with indices i and j of the matrices K̃e

c/m.
In addition to the above Equation 9.82, the constraint of uniform radial dis-
placement at the interface given by Equation 9.77 also applies here. Thus, for
modeling partial interfacial shear stress transfer, the total constraint equation
can be written similar to Equation 9.78 as

[Cs] {ũ} = 0 where [Cs] =
[
C3

C2

]
(9.83)

The matrix [Cs] can be used in Equation 9.79 in place of [Cp] to obtain the
modified dynamic stiffness matrix incorporating the effect of the partial shear
stress transfer.
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9.7 Time domain analysis

In this section, numerical experiments are performed to study the effects of
the pull-out of the SWNT from the matrix and the partial interfacial shear
stress transfer on the wave responses. Though the pull-out effects are pre-
dominant on the axial wave propagation, the radial wave propagation also
gets modified due to the radial-axial coupling existing in such finite length
axisymmetric structures.

The example considered here consists of a (10, 10) SWNT with radius
R = 0.678 nm. The radius R of a (N,N) SWNT is calculated as R =
3NaC−C/(2π) [14], where aC−C is carbon bond length and equal to 0.142
nm. The thickness 2h of the SWNT is considered as 0.34 nm. The inner
and outer radii of the SWNT are ri = R − h and ro = R + h respectively.
The thickness of the surrounding matrix is 2hm = 2 nm and, thus, the outer
radius of the nano-composite cylinder is rm = ro + 2hm. The length of the
structure is taken as Lz = 25 nm with free-free ends. The bulk material prop-
erties of the SWNT are Young’s modulus Eh = 360 J/m2 [102], mass density
ρh = 2270× 0.34 kg/m3, and Poisson’s ratio ν = 0.2 [98]. In particular, these
parameters are not dependent on the definition of thickness 2h [102]. Simi-
larly, the material properties of the polymer are as follows, Young’s modulus
E = 15 GPa, mass density ρ = 1500 kg/m3, and Poisson’s ratio ν = 0.3.

The applied load is a broadband impulse loading with duration 0.1 ps and a
frequency content 45 THz. The load is applied along the outer surface of the
nano-composite in the axial or the radial direction. The spatial distribution of
the impulse load is given as F (z) = e−((Z−k)/�)2 , where k and� are constants
which determine the spatial location and distribution of the load. Here, the
load is applied at the free end and has a very small spatial width to simulate
point load.

9.7.1 Pull-out of SWNT

In Figures 9.12(a) and (b), the axial velocities of the SWNT and the polymer
at the interface with r = ro are plotted for different values of ϑ given in
Equation 9.71. The axial velocities are measured at the free end where the
load is applied. The values of ϑ considered are 0.1, 0.5, and 0.9 and ϑ = 1.0.
The last value indicates perfect bonding between the polymer matrix and the
SWNT. Thus, for ϑ = 1.0, the wave responses of the SWNT and the polymer
are similar. It can be observed from Figure 9.12(a), that as the difference in
the axial strain between the SWNT and the polymer increases, the velocity
of the SWNT increases particularly at the later part of the response. In other
words, the axial velocity of the SWNT increases much for ϑ = 0.1 compared
to that for perfect bonding or no pull-out of the SWNT from the matrix.
However, the increase in the velocity can be observed in the later part of the
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FIGURE 9.12: Axial velocity at the interface for the (a) SWNT and (b)
polymer matrix

response between 0.15 to 0.2 ps. Similarly, for ϑ = 0.5 also, a substantial
increase in the axial velocity is observed, while for ϑ = 0.9 the velocity is
almost similar to that for no pull-out condition. On the other hand, for the
polymer, the axial velocity for ϑ = 0.1 is considerably less than the velocity
in a perfectly bonded SWNT.

Figures 9.13(a) and (b) show the frequency response functions (FRFs) of
the axial velocities of the SWNT shown in Figure 9.12(a) for frequency ranges
0−11 and 30−38 THz respectively. The natural frequencies with considerable
amplitude lie in these ranges. From Figure 9.13(a), for the frequency range 0−
11 THz, it can be seen that there is not much shift in the natural frequencies.
However, for ϑ = 0.1, the amplitude is less than that for the no pull-out
condition, except at the frequency ≈ 5.5 THz, where the amplitude is more.
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Similarly, for ϑ = 0.5, there is a considerable increase in the amplitude for
the frequency ≈ 5.5 THz. This observation is an explanation of nearly single
frequency oscillatory motion in Figure 9.12(a) for ϑ = 0.1 and 0.5. This
observation is in tune with that reported in the reference [33], where the
response of the SWNT after pull-out from the polymer matrix is found to be
oscillatory. In the frequency range 30−38 THz, shown in Figure 9.13(b), there
are some shifts in the natural frequencies. However, the amplitude of these
frequencies are very small compared to the frequencies in the range 0−11 THz,
shown in Figure 9.13(a). The FRFs for the axial velocities in the polymer at
the interface shown in Figure 9.12(b) are plotted in Figures 9.14(a) and (b)
for frequency ranges 0− 11 and 30− 38 THz respectively. It can be seen from
the Figure 9.14(a), that pull-out of the SWNT does not cause any shift in the
natural frequencies and even there is no increase in the amplitudes. However,
in Figure 9.14(b) some shift in the natural frequencies are observed. However,
the amplitudes of these frequencies are small compared to the frequencies in
the range 0− 11 THz shown in Figure 9.14(b) and thus do not contribute to
the wave responses.

Figures 9.15(a) and (b) show the shear stress at the interface for the SWNT
and the polymer matrix respectively. The shear stresses are plotted for differ-
ent values ϑ = 0.1, 0.5, 0.9 and 1.0 denotes perfect bonding. It can be seen
that the interfacial shear stresses are affected considerably by the pull-out of
the SWNT. It should be mentioned here that even for perfect bonding be-
tween the SWNT and the matrix, there is a discontinuity in the shear stress
at the interface as shown by the Figures 9.15(a) and (b).

In Figure 9.16, the radial velocity at the interface is plotted for different
values of ϑ = 0.1, 0.5, 0.9, and 1.0. The radial wave propagation results due
to the impulse load as described earlier. However, here the load is applied
in the radial direction along the outermost surface of the nano-composite
instead of the axial direction as in the previous examples. The effects of the
SWNT pull-out are not very prominent for the radial wave propagation and
the difference in the responses are due to the axial-radial coupling present
in such finite length axisymmetric structures. This coupling in finite length
SWNT has been reported in literature on experimental studies and atomistic
simulations [66].

9.7.2 Partial interfacial shear stress transfer

Here, axial wave propagation in the nano-composite structure is studied
with enforced partial shear stress transfer at the interface as given in Equa-
tion 9.81. Here, the partial stress transfer has been accounted for through
a kinematic constraint as explained in the last section. In Figure 9.17(a)
and (b), the axial velocities at the interface are plotted respectively for the
SWNT and the polymer for different fractions of stress transfer ς given by
Equation 9.81. It can be observed that the response of the SWNT as shown
in Figure 9.17(a) is not affected considerably by the partial stress transfer.
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FIGURE 9.13: FRFs of axial velocity at the interface for the SWNT be-
tween frequency ranges (a) 0–11 THz and (b) 30–38 THz
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FIGURE 9.14: FRFs of axial velocity at the interface for the polymer
between frequency ranges (a) 0–11 THz and (b) 30–38 THz
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FIGURE 9.15: Interfacial shear stress for (a) SWNT and (b) polymer
matrix
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FIGURE 9.16: Radial wave velocity at the interface

This is in congruence with that obtained in [64]. In contrast, the axial ve-
locity of the matrix at the interface shown in Figure 9.17(b) is considerably
affected by the partial stress transfer, particularly for ς = 0.1. The effect
of partial stress transfer is not considerable on the response of the SWNT
as the shear modulus Gc of the SWNT is nearly the same as the effective
shear modulus, G, of the nano-composite. As a result, the factor ς lying be-
tween 0 to 1.0 does not have much effect on the response of the SWNT. On
the other hand, the shear modulus, Gm, of the polymer matrix is very small
compared to the effective shear modulus G of the nano-composite. Thus, the
response of the polymer is largely affected by the variation of ς. However,
the effect of partial stress transfer on the matrix is more important compared
to the effect on the SWNT. Here, a RVE is considered and the dimension of
the polymer matrix is comparable to the dimension of the SWNT. However,
the present study is done with the motivation to understand these effects on
nano-composites where there is a scale difference between the dimensions of
the nano-composite and the SWNT, which acts as reinforcing materials. In
such cases, the effects on the overall nano-composites, which is mostly matrix
material with 0.1 % to 1.0 % CNTs, is only important.

To summarize it can be said that the present chapter is an extension of
Chapter 8, to analyze the different dynamic behavior of nano-composites to
explore their potential as a functional, lightweight, high stiffness material.
Even here, the nano-composites are modeled using continuum theories. These
models, however, consider imperfect bonding between the CNT and surround-
ing matrix to simulate phenomena like pull-out of CNT from the matrix and
partial stress transfer. Most importantly, WSFE is found very effective in
these analyses and helped in simulating several non-classical dynamical be-
haviors of nano-composites not explored before in literature.
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FIGURE 9.17: Axial velocity at the interface for the (a) SWNT and (b)
polymer matrix for partial interfacial shear stress transfer
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Chapter 10

Inverse Problems

As mentioned earlier, wave propagation analysis finds important applications
in inverse problems of force reconstruction, identification of material prop-
erties, damage detection, and health monitoring. In this chapter we limit
ourselves to two important applications of identification of the source from
the measured response and the detection of the damages using suitable mod-
els and measured responses.

10.1 Force reconstruction

One of the biggest advantages of the spectral approach is in the performance
of inverse problems. This is because, in spectral approach, system transfer
function, which is one of the principle ingredients to perform inverse problem,
is obtained as a direct byproduct. Force identification is one such inverse
problem. Identification of dynamic force from the experimentally measured
response at some point is a problem of wide applicability. The convenience
of using Fourier transform-based spectral element to predict the force his-
tory from the measured responses has been demonstrated for mono-material
beam [24], bi-material [27] beam, isotropic [25], and orthotropic [26] plates.
Similar force identifications were presented for isotropic layered media [85] and
for inhomogeneous layered media [9, 10]. Two problems that are associated
with force identification are the structures of short lengths and the measured
incomplete data. These two problems are interrelated. Short lengths cause
multiple reflections which make the response not die down within the chosen
time window. These are necessary for accurate prediction of force in Fourier
transform-based methods. Filtering these would make the data incomplete,
which may predict spurious forces. Normally experimentally recorded signals
are bound to be truncated. The truncation point proves to be an important
factor to determine the accuracy of the reconstructed force. This problem is
even more severe in a dispersive system, where the wave response will not die
down completely within the chosen time window. All these problems occur in
Fourier transform-based methods due to assumed periodicity in both forward
and inverse Fourier transforms. This problem is expected to be solved us-
ing wavelet transform as no such periodicity is assumed in the formulation of
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WSFE. In addition, the localized nature of the wavelet basis functions enables
easy handling of finite geometries. Hence, as explained in the case of forward
problem, the accuracy of the identified force using WSFE is independent of
the point of truncation.

Wavelet-based techniques have been used for inverse problems of measur-
ing temperature from the sideways heat equation [82, 83, 31]. Meyer and
Daubechies wavelets were used to approximate the time derivative and the
results were compared with Fourier-based approximation. In reference [29],
reconstruction of force is done from experimentally recorded wave response of
an impacted plate with a hole using wavelet representation of unknown load
and FE method. In the present work, truncated FE responses obtained at
certain points are used as surrogate experimental responses. These truncated
FE responses are given as input to spectral element solvers and the force
data are reconstructed by performing inverse analysis. Though these trun-
cated responses obtained from FE simulations are used as input, they are free
from several complexities associated with experimentally measured responses.
Reference [96] presents a continuous wavelet transform-based method for iden-
tification of excited modes, moment of rupture, and de-noising in an impact
test.

The basic idea of spectral finite element is to obtain a system transfer
function that relates the input to the output. For example, in the WSFE
formulation for elementary rod given in Section 5.1 of Chapter 5, the nodal
displacements are obtained in terms of the nodal forces through elemental dy-
namic stiffness matrix, given by Equation 5.35. Again, using Equation 5.36,
the constants {a} can be derived and these give the displacement û(x) at any
spatial location x from Equation 5.26. These finally relate the transformed
nodal forces with the transformed displacement at any arbitrary spatial posi-
tion. It can be said that the transform of the load F̂ and displacements û are
related through transfer function Ĝ(x) as

û(x) = Ĝ(x)F̂ (x) (10.1)

Other parameters like stress, velocity, strain, etc. are related to load and
displacements and can be used as input or output with required modification
in Ĝ(x). The inverse problem of calculating the input force F̂ can be done as

F̂ (x) = û(x)/Ĝ(x) (10.2)

The system transfer function Ĝ(x) is obtained as follows. After the global [K̂]
is formed, the structure is solved for unit impulse at the desired location. This
will directly give Ĝ(x). The measured response u(x, t) in the time domain is
then transformed to the wavelet domain to get û(x). Then Equation 10.2 is
used to obtain the force history in wavelet domain, which is then transformed
by inverse wavelet transform to obtain required force history.
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10.2 Numerical examples of impulse force reconstruc-
tion

The earlier examples presented in Section 5.4 of Chapter 5 demonstrate the
presence of wraparound problems in Fourier transform-based solutions. When
such solutions are used to perform inverse problems such as force identification
on a shorter waveguide, due to time window limitation, the solution obtained
may yield a highly distorted force history. This is where the formulated WSFE
will be of great utility. Its use in force identification is demonstrated in here.

The example used first is an aluminum rod with Young’s modulus E = 70
GPa and density ρ = 2.7 × 103 kg/m3. The rod is fixed at one end and an
axial impulse load is applied at the free end. First, force identification from
measured axial velocity is done considering undamped condition. The longitu-
dinal velocity at the mid point of the rod due to tip axial load obtained using
FE is used as input. The unit impulse load described in Section 5.4 and shown
in Figure 5.2 is used as the applied load to obtain the FE solution. The rod is
modeled with 400, 3 noded plane stress triangular elements and the response
is presented in Figure 10.1. Figure 10.2(a) shows the force reconstructed from
the above response truncated at Tc = 512 μs, which shows an excellent match
with applied force. The forces identified from responses truncated at differ-
ent points are the same irrespective of the point of truncation (Tc). Thus
this spectral element can efficiently reconstruct the force even from responses
recorded for a small time duration. Similar to the forward problem, Fourier
transform-based techniques cannot be used for performing inverse problems
in undamped finite length structure.

Though the above example shows the advantage of WSFE in force identi-
fication, the reconstruction will involve certain problems when experimental
data are used. This is because the experimental responses are never free from
noise which causes distortion in the reconstructed force. In Figure 10.4(a),
a noisy response is simulated by adding white noise to the response shown
in Figure 10.1, to produce a signal to noise ratio of 7.5. The reconstructed
force is shown in Figure 10.4(b) and it can be seen that it is highly distorted.
This example shows that as mentioned earlier, when experimentally measured
responses are used as input, de-noising of the signal is required prior to re-
construction.

Next, we deal with damped structures to compare the results obtained using
WSFE and the corresponding Fourier transform-based method. The response
used as input is similar to that shown in Figure 10.1 except that a damping
of η = 1.0 is considered. The force reconstructed using wavelets in this case is
very much similar to that presented in Figure 10.2(a). Figure 10.2(b) presents
the forces identified using Fourier transform-based method for different trun-
cation points (Tc). It can be seen that for Tc = 512 μs, the force obtained is
highly inaccurate and gradually gets refined with increased Tc.
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FIGURE 10.1: Longitudinal velocity in rod measured at mid-point (x =
10 in) due axial impact load at tip (x = 20 in) using two-dimensional FE
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FIGURE 10.2: Reconstructed impulse load applied to rod using (a) WSFE
and (b) Fourier transform-based technique
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FIGURE 10.3: Transverse velocity in beam measured at mid-point (x =
5 in) due transverse impact load at tip (x = 10 in) using 2-D FE

Similar experiments are performed for force identification from recorded
transverse velocities in aluminum beams. The cross-sectional dimensions of
the beam are same as the rod except that the length considered is L = 10
in. The flexural velocity measured at the mid-point of the beam due to tip
impact load simulated using FE and shown in Figure 10.3 is used as input.
The impulse loading and the 2-D FE mesh used are same as that used for the
rod. Figure 10.5(a) shows the force reconstructed from the above response
truncated at Tc = 512 μs using WSFE. As stated for the rod, force identifi-
cation using WSFE is independent of the point of truncation (Tc).

Finally force identification is done for the two-dimensional frame structure
shown in Figure 5.7 from the flexural response obtained through FE analysis
and is shown in Figure 5.8. The impulse loading is same as that used for
rod and beam. The FE meshing is done with 5000 one-dimensional beam
elements for each of the three members of the frame and a total of 15000
elements. Similar to the previous force identification experiments done, for
two-dimensional frames WSFE reconstructs the impulse force accurately, ir-
respective of Tc and the plot is presented in Figure 10.6(a). For this problem
the forces identified using Fourier transform-based methods and considering
a damping of η = 1.0 are plotted in Figure 10.6(b). It can be seen that
for accurate reconstruction of force the method requires the truncation point
Tc = 4096 μs which is higher than that required in previous examples of
beam and rod. This can be justified as the response in this problem contains
multiple reflections. However, these problems prove the efficiency of WSFE
in force reconstruction even for such complex structures.
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FIGURE 10.4: Reconstruction of impulse load applied to rod (a) response
used as input (Figure 10.1 with simulated white noise) and (b) reconstructed
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10.3 Damage modeling and detection

Another inverse problem of great practical value is the detection of damages
in structures. As mentioned earlier, the diagnostic waves are extensively used
for this purpose. Wave propagation problems deal with high frequency exci-
tations and thus help to identify the presence of very small damages. These
wave-based techniques can thus be used to detect the minute defects which
occur at the onset of the damage and then propagate causing failure of the
structure. Proper use of these techniques first requires good knowledge of the
effects of damages on the wave characteristics. This needs accurate and com-
putationally efficient modeling of the damaged structures. In this chapter,
two such problems of damage modeling and their detection are analyzed. In
either case, WSFE technique is used to simulate the wave propagation in such
damaged structures and study the effects of damages on the wave behavior.

Here, the problem deals with modeling and detection of de-lamination in
composite beams based on WSFE formulation. Though composites have sev-
eral favorable properties, which are encouraging their use in different parts of
an aircraft, the behavior of composites under damage is very complicated and
not well understood due to anisotropic nature of the material. The transverse
tensile and inter-laminar shear strengths of composites are much lower than
the in-plane properties. This makes such structures very much prone to defects
like matrix cracking, fiber fracture, fiber de-bonding, de-lamination/inter-
laminar de-bonding, of which de-lamination is most common, and can grow,
thus reducing the life of the structure.

In this chapter, the WSFE model of a composite beam with embedded
de-lamination is formulated in a similar way as presented by [71]. The tech-
nique used to model a through width de-lamination subdivides the beam
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into base-laminates and sub-laminates along the line of de-lamination. The
base-laminates and sub-laminates are treated as structural waveguides, and
kinematics are enforced along the connecting line(s). These waveguides are
modeled as Timoshenko beams with elastic and inertial coupling and the
corresponding spectral elements have three degrees of freedom, namely, ax-
ial, transverse, and shear displacements at each node. The internal spec-
tral elements in the region of de-lamination are assembled assuming constant
cross-sectional rotation and equilibrium at the interfaces between the base-
laminates and sub-laminates. Finally, the redundant internal spectral element
nodes are condensed out to form two noded spectral elements with embedded
de-lamination.

Recently, wavelet analysis of wave propagation for damage detection is
widely reported in literature [52, 91, 106]. In the present work, Daubechies
wavelet-based post processing of measured responses of damaged beam is done
for simultaneous de-noising and arrival time-based damage detection. Here,
the simulated responses of a de-laminated beam modeled using WSFE are
used as substitutes for experimental results. Further, artificial white noise is
added to the simulated response. The main aim of wavelet analysis here is to
filter out the unnecessary frequency components from the response for better
extraction of arrival time which otherwise cannot be obtained directly from
the response. De-noising is done by universal soft thresholding at the wavelet
levels mainly corresponding to higher frequencies [23].

10.4 Modeling of de-lamination in composite beam

The first step in modeling of a composite beam with embedded de-lamination
is to develop a WSFE for the undamaged composite waveguide. Here, the
composite beam is modeled as a Timoshenko beam with axial, transverse,
and shear degrees of freedom. Similarly, the WSFE model has been formu-
lated and validated in Chapter 5, except that an additional contractional
degree of freedom is considered. Thus, here, the formulation of the WSFE for
the undamaged composite beam is not repeated. However, in this section the
modeling of de-lamination is presented.

As said earlier, here the modeling of embedded de-lamination is done ac-
cording to the method presented in reference [71]. Figure 10.7(a) shows the
de-laminated beam broken down into two base-laminates, i.e., laminates 1,
2 on either sides of the de-lamination and two sub-laminates, i.e., laminates
3, 4 on its bottom and top respectively. Each of these laminates are consid-
ered as individual waveguides and modeled as coupled composite Timoshenko
beams using WSFE described in the last sub-section. These internal spectral
elements with the nodes are shown in Figure 10.7(b) and are assembled as-
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sub-laminates; (b) representation of the base-laminates and sub-laminates by
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suming constant cross-sectional slope/rotation and force equilibrium at their
interfaces. The first assumption of constant and continuous slope at the two
interfaces between the sub-laminates and base-laminates gives the following
kinematic relation

û3 = S1û4 û5 = S2û4 û6 = S1û7 û8 = S2û7 (10.3)

where ûi represents the nodal displacement vector of the ith node in Fig-
ure 10.7(b). Thus all the nodal displacements of the sub-laminate elements 3
and 4 are represented in terms of nodal displacements of base-laminate ele-
ments 1 and 2. S1 and S2 are the 3×3 transformation matrices in terms of top
and bottom sub-laminate thicknesses 2h1 and 2h2, shown in Figure 10.7(a)
and are given as

S1 =

⎡

⎣
1 0 h1

0 1 0
0 0 0

⎤

⎦ S2 =

⎡

⎣
1 0 −h2

0 1 0
0 0 0

⎤

⎦ (10.4)

Next, using force equilibrium at the two interfaces of sub- and base-laminates,
the following relations can be derived

f̂4 + S1

T
f̂3 + S2

T
f̂5 = 0 f̂7 + S1

T
f̂6 + S2

T
f̂8 = 0 (10.5)

where f̂i represents the nodal displacement vector of the ith node, shown in
Figure 10.7(b). Let K̂j be the dynamic stiffness matrix for the jth element
with p and q nodes rewritten using 3× 3 sub-matrices as

[
K̂j

11 K̂j
12

K̂j
21 K̂j

22

]{
ûp

ûq

}
=

{
f̂p
f̂q

}

(10.6)

Using the transformation equations, Equations 10.3 and 10.6, the four internal
spectral elements are assembled. Further, using Equation 10.4, we get

⎡

⎢⎢
⎢
⎣

K̂1
11 K̂1

12 0 0
K̂1

21 K̂
1
22 + ST

1 K̂
4
11S1 + ST

2 K̂
3
11S2 ST

1 K̂
4
12S1 + ST

2 K̂
3
12S2 0

0 ST
1 K̂

4
21S1 + ST

2 K̂
3
21S2 K̂2

11 + ST
1 K̂

4
22S1 + ST

2 K̂
3
22S2 K̂

2
12

0 0 K̂2
21 K̂2

22

⎤

⎥⎥
⎥
⎦

×

⎧
⎪⎪⎨

⎪⎪⎩

û1

û4

û7

û2

⎫
⎪⎪⎬

⎪⎪⎭
=

⎧
⎪⎪⎨

⎪⎪⎩

f̂1
0
0
f̂2

⎫
⎪⎪⎬

⎪⎪⎭
(10.7)

Finally by condensing the redundant degrees of freedom associated with in-
ternal nodes 4 and 7 in Equation 10.7, the reduced equation can be obtained
as

K̂ed
6×6

{
û1

û2

}
=

{
f̂1
f̂2

}

(10.8)
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where K̂ed is the elemental dynamic stiffness matrix with embedded de-
lamination.

10.5 Damage detection and de-noising using wavelet anal-
ysis

In this chapter, a wavelet-based damage identification technique using time
of arrival information is implemented for damage detection from wave propa-
gation responses in de-laminated composite beams. Here, the responses simu-
lated using the developed WSFE model are used to represent the experimental
responses for the inverse problem of predicting damage location. The proce-
dure involves measuring the time of arrival of waves reflected from the damage
and knowing the distance traveled by the wave from the speed of the wave
from the dispersion curves at the excitation frequency, the position of damage
can be established. The wave speeds at required frequencies can be obtained
from the dispersion relations which, as mentioned earlier, are directly available
from WSFE formulation.

However, the implementation of the above technique may not be so direct in
many cases. In problems, where the lengths of the waveguides are very small
and if the damage is present very near to the discontinuities, there many be
several reflected waves in a very short time interval. In such cases, the different
reflected waves are not very differentiable and their time of arrivals cannot
be measured directly from such responses. This is illustrated with several
examples later in the section on numerical experiments. Wavelet analysis is
used here primarily to derive, from such responses, the time of arrival of a
wave generated by the defect.

Wavelet analysis or filtering gives the time-frequency map of a signal. In
other words, the wavelet filtering decomposes a signal into different frequency
bands or wavelet levels and within each of them, the time information is re-
tained with a certain resolution. Here, first a fast Daubechies wavelet trans-
form [57] of the response is performed. The wavelet coefficients of the level
containing the frequencies of the loading frequencies are retained. In cases
where more than one of such level exists, the lower frequency level is consid-
ered for further analysis. These retained wavelet coefficients give a very good
estimation of the arrival time of different waves, as has been shown through
numerical experiments in the next section. Another advantage of this method
is that since the higher frequency components are filtered out and not con-
sidered in the analysis, the presence of noise, which has higher frequencies, in
the response does not affect the results.

It should also be mentioned that though here wavelet analysis is done for
the time domain response, for model-based damage estimation methods, the
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wavelet analysis can be incorporated to the WSFE solver prior to the in-
verse wavelet transform and will result in much computational savings. Such
model-based damage detection techniques may be required for more precise
estimation of both extent and position.

Experimentally measured responses are always associated with noise and
thus de-noising is an important issue. Here, a wavelet-based de-noising is
done to the simulated responses with added white noise. Since the de-noising
method is based on wavelet analysis it can be done along with the damage
detection procedure. The universal threshold λ used is

λ = σ
√

2 log(n) (10.9)

where σ is the standard deviation and n is the length of the signal. The soft
thresholding [23] to wavelet coefficients di at certain level is done as follows

di ← di for, di < λ

di ← sign(di)(|di| − λ) for, di ≥ λ (10.10)

Similar to the wavelet-based damage detection, for simulation of responses
from noisy experimentally obtained loading or excitations, de-noising can be
done after forward wavelet transform. Thus, this wavelet-based de-noising
can also be included in the WSFE solver without much increase in the com-
putational cost.

10.6 Wave propagation in delaminated composite beam
and damage detection

Here, first the formulated WSFE model of de-laminated composite beam
is used to simulate responses for different fixed-free de-laminated AS4/3501-
6 graphite-epoxy beams. The material properties of the beam are given in
Table 5.2. The beam configuration is shown in Figure 10.8, where L and
Ld are the lengths of the beam and de-lamination respectively and L1 is the
distance of the de-lamination from the free end of the beam. The cross-
sectional dimension is 0.01× 0.01 m2 with depth 2h = 0.01 m and width 2b =
0.01 m. Numerical examples are presented for different values of these lengths,
ply-layup sequences, and positions of de-laminations along the thickness of
the beam. In addition, the wave propagation responses are studied for both
broad-banded impulse and narrow-banded modulated pulse loadings. The
unit impulse load used in the previous examples has a duration of 50 μs
and a frequency content of 44 kHz. Similarly, the modulated pulse loading
with central frequency of 70 kHz is shown in time and frequency domains in
Figure 10.9.
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Next, the responses of the de-laminated beams, simulated with two- dimen-
sional FE, are used for the inverse problem of damage detection using wavelet
analysis. As discussed in the previous section, the position of de-lamination is
estimated from the arrival time of waves reflected from de-lamination. Numer-
ical experiments are performed to predict positions of damages from simulated
responses, where these responses contain artificially added noises, which are
de-noised using wavelet filtering.

10.6.0.1 Responses of de-laminated beams

First, the WSFE model of de-laminated beam is validated with responses
simulated using two-dimensional FE. The transverse tip velocity of beam
shown in Figure 10.8 with ply-layup [0]8, L = 0.5 m, and L1 = 0.25 m is
plotted for centerline de-lamination length of Ld = 20 mm and compared with
the response obtained using two-dimensional FE in Figure 10.10(a). The FE
result is obtained using 400, 4-noded quadrilateral plane stress elements and
Newmark’s time integration with time step 1 μs. It can be seen that results
compare well. However, the small difference in the wave speeds predicted by
the two methods can be further reduced by refining the FE mesh.

In Figure 10.10(b), the transverse tip velocities of same beam configuration
are plotted, but for different lengths, Ld, of de-laminations and are compared
with the undamaged response. The de-laminations are along the centerline of
the beam and are of lengths Ld = 10, 20, and 30 mm. The excitation is the
unit impulse load applied at tip in the transverse direction. It can be seen that
in addition to the reflection from the fixed end, the damaged responses show
early reflections generated from the de-laminations and amplitudes of these
reflected waves increase with increase in de-lamination lengths, as expected.
Similar tip transverse velocities are presented in Figure 10.10(c), except that,
here, the de-lamination length is kept fixed at Ld = 20 mm while the positions
along the thickness direction are varied from h1 = h, h/2 and h/4. As in the
previous plot, even here the damaged responses show reflections from the de-
laminations and it can be observed that their amplitudes increase as h1, i.e.,
depth of the de-lamination from the top surface of the beam, decreases. In
Figure 10.10(d), the transverse velocities due to tip transverse impulse load
are plotted for beams with different ply orientation sequences. In all the cases,
the beam configuration is similar to Figure 10.8 with L = 0.5 m, L1 = 0.25 m,
and centerline de-lamination of Ld = 20 mm. The three ply-layups used are
[0]8, [45]8, and [60]8. Different ply-layups change the stiffness of the beam and
hence the wave speeds also change as can be seen from Figure 10.10(d), where
the responses show different amplitudes and time of arrival of reflections. The
[0]8 beam has the lowest amplitude and the time of arrival as it has the highest
flexural stiffness and hence highest group speed.

Next, numerical experiments are performed using narrow-banded sinusoidal
load (see Figure 10.9) with central frequency of 50 kHz as input excitation.
For such loadings, the waves traverse non-dispersively and are widely used
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FIGURE 10.11: Transverse velocities of fixed-free graphite-epoxy beam
due to narrow-banded load at 50 kHz applied in transverse direction (a) un-
damaged, (b) de-laminated Ld = 10 mm, and (c) Ld = 20 mm

for damage detection applications. The load is again applied in transverse
direction at the tip of a [0]8 beam shown in Figure 10.8 with L = 0.5 m and
L1 = 0.25 m. The responses studied are the transverse velocities measured
at the tip. In Figures 10.11(a) to (c), the velocities of undamaged and de-
laminated beams with Ld = 10 and 20 mm are plotted respectively. In either
cases the de-lamination is along the centerline of the beam. Similar to the
responses due to impulse loading in previous examples, the damaged responses
here show an additional reflection from the de-lamination and their amplitude
increases with increase in the de-lamination length. From these plots, the
positions of damages can be obtained directly using the time of arrival and
wave speed.

The wave speeds in terms of group speeds at a required frequency can be
obtained from the dispersion plot shown in Figure 10.12 for the given [0]8
graphite-epoxy beam. In this figure, the normalized group speeds Cg/C0

are presented, where C0 is the axial wave speed given by C0 =
√
EA/ρA,

E, A, and ρ being the Young’s modulus, cross-sectional area, and mass density
respectively. In addition to the transverse bending mode, the dispersion plot
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FIGURE 10.12: Dispersion relation of graphite-epoxy [0]8 beam

shows the shear mode which propagates only after the cut-off frequency of
approximately 105 kHz. The flexural wave speed at 50 kHz is approximately
2.08×103 m/s. In Figures 10.11(b) and (c), the time of arrival of wave reflected
from de-lamination is nearly 0.263 ms. The position of the de-lamination
predicted from using the time of arrival and wave speeds is 0.273 m from the
tip, which is very near to the actual distance of 0.25 m.

In Figure 10.13(a), the response shown in Figure 10.11(b) is plotted up
to 1.0 ms and in Figure 10.13(b), the corresponding noisy signal with sig-
nal to noise ratio, SNR = 30 obtained by artificially adding white noise, is
presented. It can be seen that, in the noisy signal, the waves reflected from
de-lamination are not distinguishable visually. The de-noised signal is shown
in Figure 10.13(c) and is obtained through universal soft thresholding as de-
scribed earlier. The thresholding is done only in the first three wavelet levels
corresponding to higher frequencies and order of Daubechies basis used for
wavelet decomposition is N = 22. Though the first reflected wave from the
de-lamination is slightly distorted in the de-noised response, the second re-
flection from de-lamination can be clearly identified.

Figures 10.14(a) to (c) show the tip transverse velocities due to different
positions of de-lamination with Ld = 20 mm along the centerline, i.e., L1 =
0.2, 0.3, and 0.4 m, respectively. The beam configuration is otherwise similar
to that used in the previous example. The loading is a narrow-banded pulse
(see Figure 10.9) modulated at 50 kHz and is applied at the tip in transverse
direction. Here, the distances of damages from the tip predicted using time
of arrival and wave speed are 0.23, 0.33, and 0.44 m, which match well with
the actual positions (L1 + Ld/2) 0.21, 0.31, and 0.41 m, respectively.

It should be mentioned here, that though in the above examples with
narrow-banded modulated excitation, the position of the de-lamination can be
obtained directly by measuring the time of arrivals from the plots, it may not
be so straightforward in many other cases. Particularly, in problems dealing
with short length structures or where the damages are very near to bound-
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aries/discontinuities, the incident waves, waves reflected from damages, and
boundaries/discontinuities are cluttered together. In such situations, it is very
difficult to extract the time of arrivals directly from the plots. Wavelet anal-
ysis of measured response helps to alleviate this problem to a great extent.
This is explained with numerical examples in the next section.

10.6.0.2 Damage detection using wavelet analysis

A wavelet-based damage detection technique as discussed earlier is adopted
here for predicting the positions of de-laminations. First, responses are simu-
lated for a [0]8 graphite-epoxy beam with embedded de-lamination of Ld = 20
mm along the centerline. Simulations are done using two-dimensional FE,
with 400, 4-noded quadrilateral plane stress elements and Newmark’s time
integration with time step 1 μs. The beam is similar to that shown in Fig-
ure 10.8 and used in previous experiments except that the length L is shorter
and is equal to 0.15 m. The excitation is the narrow-banded pulse with cen-
tral frequency 70 kHz shown in Figure 10.9 applied at the tip in transverse
direction. In Figures 10.15(a) and (b), the transverse tip velocities of the
undamaged and de-laminated beams with de-lamination at L1 = 0.04 m from
the tip are presented respectively. It can be seen that in the damaged re-
sponse shown in Figure 10.15(b), the incident wave and wave reflected from
de-lamination are not distinguishable. Similarly, in Figure 10.15(c), the re-
sponse of de-laminated beam with de-lamination at L1 = 0.09 m from tip,
i.e., near to the fixed end of the beam, is presented. Again in this case, the
waves reflected from the de-lamination and the fixed boundary are cluttered
together.

To determine the positions of damages from these simulated responses,
first wavelet analysis is done using Daubechies basis of order N = 22. This
generates wavelet coefficients of the responses at different frequency bands or
wavelet levels. Here, the wavelet level corresponding to the highest frequency
band is referred to as level one. Since the frequency content of the applied load
with central frequency of 70 kHz is 20 to 120 kHz, the responses will also have
the same frequency band. Thus, wavelet decomposition is done only up to first
three levels corresponding to frequencies 125 to 250 kHz, 62.5 to 125 kHz, and
31.25 to 62.5 kHz respectively. In Figure 10.16(a), the normalized absolute
values of the wavelet coefficients at level three are plotted for the undamaged
and damaged responses shown in Figures 10.15(a) and (b). The plots show
few peaks which represent different waves. The wavelet coefficients of the
damaged response show two additional peaks due to the waves reflected from
de-lamination. The time of arrivals of the incident wave and the wave reflected
from the fixed end are ti = 48 μs, tr = 192 μs respectively for both undamaged
and damaged responses and they match exactly. The two additional peaks in
the damaged responses arrive at td1 = 96 μs and td2 = 240 μs. The speed
of the flexural mode at 50 kHz derived from the dispersion relation presented
in Figure 10.12 as mentioned before is 2.08× 103 m/s. This speed is used to
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FIGURE 10.16: Normalized wavelet coefficients of level corresponding to
frequency content 31.25 – 62.5 kHz of undamaged and damaged responses
(a) Figures 10.15(a) and (b), respectively and (b) Figures 10.15(a) and (c),
respectively

calculate the position of de-lamination from the arrival time since 50 kHz is
approximately the average of the frequency band in wavelet level three. Using
this speed, the distance of the fixed end predicted from ti and tr is 0.15 m
which is exactly equal to that used in simulations of the responses. Similarly,
the position of the damage obtained using both ti, td1 and ti, td2 is 0.05 m
from the tip which matches exactly with actual distance of 0.05 (= L1+Ld/2)
m.

Similar wavelet coefficients for undamaged and damaged responses shown in
Figures 10.15(a) and (c) respectively are presented in Figure 10.16(b). Even
in this case, the arrival times of incident wave and wave reflected from the
fixed end are ti = 48 μs and tr = 192 μs respectively, which are exactly
similar to that obtained in the previous example. The time of arrival of the
wave resulted from de-lamination is td1 = 144 μs and thus, using the wave
speed at 50 kHz, the predicted position of the damage from the tip is 0.1 m,
which is the actual distance used in simulation.

It should be mentioned here that similar analysis could have been done
using the coefficients corresponding to the wavelet level two with frequency
content 62.5 to 125 kHz. However, the level with lower frequencies is used
for analysis with the motive to eliminate effects of noises which are gener-
ally of higher frequency content and are very often present in experimentally
measured responses.

Next, similar wavelet analysis is done for prediction of damage location from
noisy response. The noisy response presented in Figure 10.17(a) is obtained
by adding white noise to the response shown in Figure 10.15(b) to produce
a SNR = 15. In Figure 10.17(b), the corresponding de-noised response is
plotted. The wavelet-based de-noising, described earlier, is done at the first
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FIGURE 10.17: Transverse velocities of fixed-free graphite-epoxy de-
laminated beam due to narrow-banded load at 70 kHz applied in transverse
direction, shown in Figure 10.15(b), (a) noisy response and (b) de-noised re-
sponse

two wavelet levels and the order of Daubechies basis used is N = 22. In
Figure 10.18, the normalized absolute wavelet coefficients at level three are
plotted for the undamaged response, noisy damaged response and the corre-
sponding de-noised responses. The arrival times ti, tr, td1, and td2 in this case
are exactly similar to those in the previous example shown in Figure 10.16(a)
for the response without any added noise. In addition, it can be seen that
the coefficients for the noisy and de-noised responses overlap. These two ob-
servations indicate that in the wavelet-based damage detection technique, the
presence of noise in the response does not affect the prediction of damage
location. This can be explained as the wavelet coefficients used for analysis
have low frequency content and the higher frequency contents including noises
are filtered out.

This final chapter of the book shows the implementation of the WSFE
method to solve inverse problems of force reconstruction and damage detec-
tions which are important applications of wave propagation as mentioned
earlier. Apart from the use of WSFE for simulations, wavelet is also used
here for the purpose of signal processing to extract damage features from the
wave response of the damaged structures.
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